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Abstract

We analyze the impact of status preferences on technological progress and long-run
economic growth within an R&D-based framework. For this purpose, we extend the standard
relative wealth approach by allowing the various assets held by households to differ with
respect to their status relevance. Relative wealth preferences imply that the effective rate of
return on saving in the form of a particular asset is the sum of its market rate of return and its
status-related extra return. We show that the status relevance of shares issued by entrants to
finance the purchase of new technologies is of crucial importance for long-run growth: First,
an increase in the intensity of the quest for status raises the steady-state economic growth
rate only if the status-related extra return of these shares is strictly positive. Second, for any
given degree of status consciousness, the long-run economic growth rate depends positively
on the relative status relevance of shares issued by entrants. Third, while the decentralized
long-run economic growth rate is less than its socially optimal counterpart in the standard

model, wealth externalities reduce this distortion.

JEL classification: D31, D62, 010, O30.
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Wealth is like sea-water; the more we drink, the thirstier we become.
(Arthur Schopenhauer)

1 Introduction

The idea that individuals derive utility not only from absolute consumption, leisure, or wealth
but also from their social status is by now well established. It has long been recognized that
individuals compare themselves with each other and that they derive extra felicity from out-
performing their peers. For example, Adam Smith wrote in The Wealth of Nations that “With
the greater part of rich people, the chief enjoyment of riches consists in the parade of riches”
and John Stuart Mill stated in his Essay on Social Freedom that “Men do not desire merely
to be rich, but to be richer than other men”. This all too human trait is also backed by em-
pirical evidence: Clark and Oswald (1998) and Luttmer (2005) find, by analyzing 5,000 British
workers and 8,000 US households, respectively, that self-reported happiness and life satisfaction
are lower if, ceteris paribus, neighbors an/or colleagues are better off. Their results are statisti-
cally and economically significant and robust against various re-specifications of the regressions.
Luttmer (2005) concludes that the most promising explanation for his result is the presence of a
psychological externality that leads individuals to derive utility from their own status in relation
to the status of others. For further empirical support of status concerns see McBride (2001)
and Boyce et al. (2010).

In theoretical macroeconomic models, the implications of the quest for status on private
consumption, saving, work effort, and the optimal design of distortionary taxation/subsidization
have been analyzed extensively.! With respect to the analysis of long-run economic growth,
however, status-related models did not yet lead to substantially new insights. The reason
is that status preferences have no impact on the long-run balanced growth path in standard
neoclassical growth models, regardless of whether status is determined by relative consumption
or by relative wealth. While AK type of growth models imply that status preferences of the
relative wealth type have an effect on long-run economic performance, i) many implications of
the AK model are refuted by the available empirical evidence (cf. Aghion and Howitt, 2009,
pp. 56-60) implying that it is not a suitable framework for the analysis of long-run economic
growth, ii) there is only one asset (physical capital) in the AK framework, which rules out growth
effects due to the possibility that individuals attach different status weights to different forms
of assets such as physical capital and shares, iii) AK models do not leave an explanatory role
for technological progress, which has been identified as the main driver of long-run economic
growth (Acemoglu, 2009, pp. 402-403). Nowadays, multi-sector R&D-based growth models

with two types of assets, physical capital and shares, are used to analyze the driving forces of

1For the relative consumption specification or more general specifications of consumption externalities see, for
example, Abel (1990, 2005), Gali (1994), Harbough (1996), Carroll et al. (1997), Rauscher (1997), Grossmann
(1998), Fisher and Hof (2000), Ljungqvist and Uhlig (2000), Liu and Turnovsky (2005), Turnovsky and Monteiro
(2007), Fisher and Heijdra (2009), and Strulik (2015). For the relative wealth specification see, for example,
Corneo and Jeanne (1997, 2001a,b), Futagami and Shibata (1998), Fisher and Hof (2005, 2008), Van Long and
Shimomura (2004), and Fisher (2010). For frameworks that allow for both specifications see Tournemaine and
Tsoukis (2008), Ghosh and Wendner (2014), Ghosh and Wendner (2015), and Wendner (2015).



technological change and long-run economic growth. We therefore aim to extend this literature
to adequately capture the impact of the quest for status on long-run economic performance.

The contribution of our paper is twofold: First, we close an important gap in the literature by
introducing relative wealth preferences into the generic R&D-based growth model of the Romer
(1990) type and by analyzing the implications of status concerns for technological progress
and growth. To the best of our knowledge this has not been attempted before. Using a
semi-endogenous growth model of the Jones (1995) type instead of the Romer (1990) type
would not change the basic mechanisms and channels that we identify because all of our results
would be present during the transition toward the long-run balanced growth path.? Second,
we extend the standard relative wealth approach by allowing for the possibility that the assets
held by households differ with respect to their status relevance. This extension is inspired by
psychological research on whether various categories of items differ with respect to their degree
of positionality.? As we will see, the differential status effect of traditional physical capital
versus those of shares used by entrants to purchase new technologies is of crucial importance
for long-run economic growth and has the potential to explain the superior growth patterns of
countries in which entrants/startups have better access to new funds.

The introduction of generalized relative wealth preferences into the Romer (1990) model
implies that the effective rate of return on saving in the form of a particular asset is the sum
of its standard market rate of return and its status-related extra return. In both the Euler
equation for consumption and in the no-arbitrage condition, the rental rate of physical capital
and the market rate of return of shares issued by entrants are replaced by the corresponding
effective rates of return. Hence, the status-seeking motive leads to a rise in the common steady-
state effective rate of return of all assets as long as the positive effects of the status-related
extra returns are not perfectly offset by the decrease in the market rates of return associated
with a higher saving rate. The resulting stronger incentive to save causes the demand for both
physical capital and shares issued by entrants to grow at a higher rate. Since the purchase of
new technologies by entrants is financed through equity, this raises the demand for R&D. The
faster-growing demand for new technologies is in turn satisfied by an increase in employment
in the research sector, which leads to an acceleration of technological progress and to faster
economic growth.

The main implications of the introduction of generalized relative wealth preferences can
be summarized as follows: First, an increase in the intensity of the quest for status raises the
steady-state economic growth rate as long as the possession of shares issued by entrants matters
for social status. If, however, solely the relative holdings of physical capital are status-relevant,
then the status-augmented Romer (1990) model yields the same long-run balanced growth rate
as the standard Romer (1990) model. Second, for any given degree of status consciousness
both the fraction of wealth held in the form of shares and the long-run economic growth rate
depend positively on the relative status weight of shares issued by entrants. Third, while in the

standard Romer (1990) model the decentralized long-run economic growth rate is less than its

2See Trimborn et al. (2008), and Prettner and Trimborn (2016) for the numerical analysis of the transitional
dynamics of semi-endogenous growth models.

3See for example Solnick and Hemenway (1998, 2005); Solnick et al. (2007), Johansson-Stenman and Martins-
son (2006), and Hillesheim and Mechtel (2013).



socially optimal counterpart, the wealth externalities are able to counterbalance this distortion
provided that the effect of shares on status is large enough.

The paper is structured as follows. In Section 2 we introduce the basic assumptions with
respect to status preferences and derive the status-augmented versions of i) the Euler equation
for consumption, ii) the no-arbitrage condition with respect to the rates of return of physical
capital and shares issued by entrants, and iii) the transversality conditions of the representative
household’s optimization problem. In addition, we present the three sectors of the production
side of the economy and derive the system of differential equations that governs the dynamic
evolution of the economy. Section 3 contains the main results with respect to the impact of the
quest for status on long-run growth and with respect to the importance of the status-relevance

of shares in this context. In Section 4 we discuss the results and conclude.

2 The model

2.1 Basic assumptions

Consider a modern knowledge-based economy with three sectors in the vein of Romer (1990)%:
final goods production, intermediate goods production, and R&D. These sectors employ two
production factors, physical capital and labor. Homogeneous labor is employed in the final goods
sector and in the R&D sector (for simplicity we refer to labor employed in final goods production
as “workers” and to labor employed in R&D as “scientists”). The final goods sector produces a
single homogeneous commodity that is used either as consumption good or as physical capital.
The varieties produced by the intermediate goods sector are used as inputs in the production
of the final good. The R&D sector develops patents for intermediate goods, which are sold to
the new firms that enter intermediate goods production. To put it differently, an entrant into
the intermediate goods sector has to purchase a new intermediate-specific patent from the R&D
sector as a fixed up-front investment to be able to start the production process. These up-front
investments are financed by issuing shares that are bought by the households in the economy,
which, in turn, receive the associated dividend income and may experience valuation gains.’

There exists a continuum of homogeneous households of mass one. The flow budget con-

straint of the representative household has the following form:
K+pzZ =rK +DZ+wL —C, (1)

where K denotes physical capital employed by incumbent firms, r is the rental rate of physical
capital, Z is the number of shares issued by entrants up to time ¢, p; denotes the price of these
shares, D refers to the dividend payments per share, L is exogenously given supply of labor,

w is the real wage rate, C refers to consumption, and for any variable = the derivative with

4For the sake of simplicity, we follow the literature on horizontal innovations. Similar effects would, however,
also be present in case of vertical innovations. For R&D-based growth models in general see Romer (1990),
Grossman and Helpman (1991), Aghion and Howitt (1992), Jones (1995), Kortum (1997), Segerstrom (1998),
Peretto (1998), Young (1998), Howitt (1999), Dalgaard and Kreiner (2001), Strulik (2005), Bucci (2008), and
Strulik et al. (2013). For extensive surveys see Gancia and Zilibotti (2005) and Aghion and Howitt (2005).

®See, for example, Lehmann-Hasemeyer and Streeb (2016) for the importance of the stock market for innovative
firms.



respect to time ¢ is denoted by & = dz/dt.

Individuals earn labor income and asset income. The former is given by wL, while the latter
consists of capital income rK and dividend payments DZ. For simplicity and without loss of
generality, we ignore the depreciation of physical capital. To summarize, the right-hand side
of the flow budget constraint refers to total saving, while the left-hand side shows that total
saving is either used for investments in physical capital or for purchasing the shares that are
newly issued by entrants into the intermediate goods sector to finance the patents of the new
technologies needed to start production.

In contrast to the standard framework, we employ status preferences to account for the
fact that one’s own felicity also depends on the comparison with others. More specifically, we
assume that instantaneous utility w of the representative consumer depends not only on her
consumption C, but also on her status S, i.e., the utility function has the form v = u (C,5),

where we assume the following:
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Assumption (2) signifies that the representative consumer derives positive but diminishing
marginal utility from both consumption and status. Moreover, the utility function w is jointly
concave in C' and S. According to (3), the marginal rate of substitution of status for consump-
tion (Ou/0S) /(0u/0C) depends positively on C' and negatively on S. These properties are
normality conditions with respect to status and consumption. Finally, (4) introduces standard
Inada conditions with respect to the marginal utility of consumption.

With respect to status S, two alternative specifications are employed in the literature. In
the relative consumption approach, status S is determined by a comparison of own consumption
with average consumption of a reference group. In models with homogeneous agents, average
consumption of the total household sector serves as the benchmark. In the relative wealth
approach the determination of status rests on a comparison of own wealth with average wealth.
We focus our attention on the latter approach, because, as we already explained, this allows
us to analyze the differential status effects of physical capital versus shares issued by entrants,
which is of crucial importance for long-run growth.

A crucial and distinctive feature of our model is that the components of wealth are allowed
to differ with respect to their effect on social status. More specifically, we assume that

s=5(0.0), oo g;‘zgo, 95
o0

5Note that the derivative of total wealth K + pzZ with respect to time ¢ is obtained by adding the valuation
gains of shares pzZ on both sides of the flow budget constraint (1) such that K + pzZ + pzZ = rK + DZ +
pzZ +wL — C.

<0, (5)




where
Q= ¢KK =+ QﬁzpzZ and Q= d)KR + gbzpzz (6)

are the status-relevant measures of own wealth and average economy-wide wealth, respectively.
The parameter ¢z > 0 is the status weight of shares issued by entrants to purchase new
technologies from the R&D sector. The parameter ¢ > 0 refers to the status weight of
physical capital employed by incumbent intermediate firms. For simplicity, it is often assumed
in the literature that households own the physical capital. Non-entrepreneurial households rent
it out to firms, while entrepreneurial households might also employ it in their own firms. A
common hypothesis of the psychological status literature is that the observability/visibility of
an item exerts a significant positive effect on its degree of positionality. Hence, if households
literally own physical capital, then the observability /visibility aspect implies that this possession
entails a stronger status effect than the ownership of shares. Think in this context of owning
the Empire State Building or other commercial properties and renting out their office space
to firms. This interpretation would give rise to the parameter specification ¢ > ¢z. The
alternative assumption is that physical capital is in the possession of firms. Households supply
the funds that are required for its purchase either directly (via financial markets) or indirectly
(via banks). In case that firms finance investment through bank loans or corporate bonds,
implying that 7K has to be interpreted as interest income, it is plausible that the ownership
of shares exerts a higher status effect than financial claims held in the form of loans or bonds.
A rationale for the superiority of shares is that savings accounts or corporate bonds are often
considered as conservative, uninspiring, or even dull forms of wealth. This interpretation would
imply the parameter specification ¢ < ¢z. Even if incumbent firms finance the purchase of
physical capital through equity, these shares need not be as status relevant as those issued by
startups. One may, in this context, think of innovation-friendly societies in which the segment of
shares that is associated with technological progress is more status relevant or more fashionable
than other shares so that ¢x < ¢z. In such societies it could even be a social norm to act in
a way that fosters progress (a suitable example might be the US). However, the opposite could
be true in conservative societies in which people are afraid of the potential negative effects
and dangers of innovation (examples for this might include some European countries) and as
a result prefer claims against incumbent firms implying that ¢x > ¢z. The standard relative
wealth approach in which all assets are treated as equally status relevant is obtained by setting
oK = ¢z = 1 so that € is identical to the standard definition of wealth as given by K + pzZ.
This specification would, for instance, fit to situations in which households are able to assess the
total magnitude of wealth held by other households, but don’t have any detailed information
about the compositions of their portfolios.

In our comprehensive theoretical analysis we allow for all of the relative status cases men-
tioned above. It will become clear that the long-run economic growth rate depends crucially
upon the relative status relevance of shares issued by entrants. Our generalization therefore
yields additional insights that cannot be obtained in the standard relative wealth approach in
which all assets are of equal importance with respect to status or in an AK growth model in
which only one asset exists.

In (5) we assume that status S = S (Q, Q) increases in own wealth €2, with marginal status



being non-increasing, and decreases in average wealth Q. The latter implies negative wealth
externalities. In the status literature it is common practice to restrict attention to symmetric
equilibria in which identical agents make identical choices such that Q = Q holds along an
equilibrium path. With respect to symmetric situations, we follow Fisher and Hof (2005) and

assume that the following condition holds:
S (92,8) = x = constant, for 2 > 0. (7)

Assumption (7) ensures that our approach corresponds to a pure relative wealth specification
because the flow of utility is independent of the level of wealth 2 along any symmetric equilib-
rium path, i.e., u[C, S (,Q)] = u(C,x).” It is easily verified that two standard specifications

of the status literature, the difference specification
S(Q,Q):gp(Q—Q), 0 >0,0"<0 (8)

and the ratio specification

S =¢(Q/), ¢>0¢"<0 (9)

satisfy Assumption (5) and Assumption (7).
By optimally choosing the time paths of C, K, and Z, the representative household maxi-

mizes overall utility as given by
OO -
/ P[0, 8 (9, 9)] dt.
0

where p > 0 denotes the time-preference rate, subject to the flow budget constraint (1), the
definitions of Q and 2 as given by (6), and the initial conditions K (0) = K and Z (0) = Zp. A
crucial feature of this optimization problem is that the representative household takes the time
paths of w, r, pz, D, and Q as given. This is due to the fact that in a continuum of households
each single household has mass zero and its choices do not affect aggregate variables.

A detailed analysis of this optimization problem is provided in Appendix A. Here we
only mention the three aspects with respect to which the symmetric equilibrium of the status-
augmented model differs from the equilibrium of the standard Romer (1990) model.

The first modification is that the no-arbitrage condition between saving in terms of physical
capital and saving in terms of shares that holds in the standard Romer (1990) model

D iz

r=—4+

10
bz Pz ( )

has to be replaced by

.
r+eK (00 x, 0K) = — + P2 4 7 (C,Q,x, 62) (11)
Pz bz

"Note that absolute wealth Q would play a role along symmetric equilibrium paths if the instantaneous utility
function u (C, S) was replaced by u (C, €, .S).



where

e5(C, 0, x, ¢x) = MRS (C,Q, X) X bx, (12)

€Z (C7Q7Xa ¢Z) = MRS (0797X) X ¢z, (13)
_ 9u(Cx) 08 (2,9) [u(C,x)] ™!

MRS (C,Q,x) = — 20 [ 5C ] . (14)

On the left-hand side of (11), r + ¢/ is the effective rate of return of wealth accumulation
in the form of physical capital, where r is the market rental rate of physical capital, while
K (C,Q, x, dx) as defined in (12) is the status-related extra return of physical capital. On the
right-hand side of (11), (D + pz) /pz + &7 is the effective rate of return of wealth accumulation
in the form of shares, where the market return (D + pz) /pz results from dividend payments
and valuation gains, while ¢ (C,Q, x, ¢z) as defined in (13) is the status-related extra return
of shares. The term MRS (C,9Q,x) defined in (14) is the marginal rate of substitution of
status-relevant own wealth € for consumption C' as perceived by the representative agent in a
symmetric state in which © = Q holds. Taking into account that ¢x is the weight of physical
capital in the status-relevant measure of wealth, Q = ¢x K + ¢zpzZ, it follows that & =
MRS x ¢ is the symmetric MRS of own physical capital K for consumption C. Analogously,
e = MRS x ¢z is the symmetric MRS of own shares Z for consumption C. The economic
interpretation of ¢ given above can also be verified as follows: From the perspective of the
representative household, an increase in own physical capital K by a marginal unit causes the
status-relevant measure of wealth {2 to increase by ¢x units. Since i) the household takes
average wealth as given, and ii) 2 = Q holds at the outset of our thought experiment, this
increase in €2 by ¢x units causes status S to rise by [0S (£2,8) /0Q] ¢ units and felicity u
to increase by [0u (C,x) /0S][0S (Q,Q) /09 ¢k units. Dividing the latter expression by the
marginal utility of own consumption, du (C,x) /OC, we obtain the amount of consumption C'
that the status-conscious household is willing to give up in exchange for an increase in K by a
marginal unit. Analogous considerations can be used for the interpretation of £%.

It can be shown that the partial derivatives of M RS (C,€2, x) exhibit the following prop-
erties: i) The normality assumption with respect to status given by the first inequality in (3)
implies that 9M RS/OC > 0; ii) under the ratio specification of the status function (9) we obtain
OMRS/02 < 0. The difference specification (8) implies that IM RS/ = 0 holds. Already at
this point it is obvious that this property of the difference specification rules out the existence of
a balanced growth path, because permanent growth would lead to ever-increasing status-related
extra returns of physical capital and shares, e and €%,

The second modification as compared to Romer (1990) refers to the Euler equation for
consumption. In the standard framework, where u = u (C'), it holds that

C u' (C)

aza(C)(r—p), with o(C)=—-



In our case this has to be replaced by

=% (O [+ (€2 x,6x) ], "

where, according to Assumption (7), x = constant = S (Q,Q), for Q@ > 0. The term o° (C, x)
in which the superscript “S” refers to “status” is the effective elasticity of intertemporal sub-

stitution under relative wealth preferences in a symmetric equilibrium as given by

US (Ca X) =

ou (C, x) [Ca% (C, x)] ! ' (16)

oC oc?

For a given value of the rental rate of capital r, the modified Euler equation implies the follow-
ing: the higher the status-related component of the effective rate of return, ¥, the higher is
the growth rate of consumption C' /C. In other words, the willingness to substitute future con-
sumption for present consumption increases, implying that individuals save more. In a general
macroeconomic equilibrium as analyzed below, r is determined endogenously. It is therefore
possible that the positive impact of e > 0 on the effective rate of return r + ¥ is partially or
even completely offset by a fall in the market rate of return r.

The third modification concerns the transversality conditions. In the standard model they

are given by

tlggo{exp [— /Otr(v)dv] K} —0.  Jim {exp [— /Ot r(v)] dv] pzZ} —0,  (17)

such that the present values of wealth held in the form of physical capital and shares must
converge to zero as time goes to infinity. In the model with relative wealth preferences, the

market rate of return r is replaced by the effective rate of return r + ¢ such that

limy o0 {exp [— fg [r(v) + 5 (v)] dv] K} =0,

limy o0 {exp [— fot [r(v) + X (v)] dv} pZZ} =0,
where £X(v) = & [C(v), Q(v), X, dk].

2.2 Production side

The production side of the economy follows the standard R&D-based growth literature so that
our description will be short and focused on the main parts that we need in the subsequent
analysis.

The final goods sector consists of a continuum of perfectly competitive firms of mass one,
each of which produces the same single good by employing the same technology. The production

function of the representative firm is given by

A
Y = L%/C“/ z$ di, (19)
0



where Y is output, Ly denotes labor input, and x; is the amount of the intermediate good of
type @ € [0, A] used in final goods production. In this context, A refers to the technological
frontier, i.e., the spectrum of patents for specific varieties ¢ that has already been discovered by
R&D in the past. For simplicity, the elasticities of output with respect to the various types of
intermediate goods are identical and given by a € (0, 1). Since, by assumption, the mass of firms
equals one, output and labor input of the representative firm coincide with GDP and aggregate
employment in the final goods sector, respectively. The perfectly competitive representative
firm takes both the real wage wy in the final goods sector and the real prices of intermediate
goods p; as given and maximizes profits by choosing the inputs Ly and x;. The corresponding
first-order conditions (FOCs) are

A A 2\
wy = (1 —a) L;,“/ 2% di = (1 — a)/ () di, (20)
0 o \Lyv
—(1-a) z \ 1)
pi = aLy “x; =« <> . (21)

These conditions require that each input is utilized up to the point at which its marginal product
equals its real price (i.e., its price in terms of the final good). From (20) and (21) it follows that
—in a general equilibrium — the remuneration of workers equals (1 — «) percent of real revenue
Y, while a percent are used to pay for the intermediate goods.

Entrants into the intermediate goods sector have to purchase the patent of a new technology
from the R&D sector as up-front investment before they can produce the corresponding patent-
specific differentiated intermediate good. The incumbent firms ¢ € [0, A] in the intermediate
goods sector employ a single variable production factor, physical capital, which it either rents
from private households or finances through bonds or loans. The production function is assumed
to be linear and, without loss of generality, the productivity of physical capital is normalized to
one such that x; = k;. Taking into account this linear production function and the first-order
condition for the optimal input of x; in the final goods sector [see (21)], operating profits of

intermediate goods producers can be written as
T = Py — TT; = aL%,_O‘x? —rz;.

Profit-maximization implies that prices are set according to the rule

1

bi = &Ta (22)

where the rental rate r represents marginal cost and (1/«) > 1 is the gross markup we are
familiar with from Dixit and Stiglitz (1977). Hence, firms have a certain degree of price setting
power and operating profits will be positive. This price setting policy implies that production
x; and input of physical capital k; in the intermediate goods sector depend negatively on the

rental rate r and positively (in a linear way) on employment in the final goods sector Ly

a? 1/(1-a)
x;, = k; = (> Ly. (23)

r

10



The same is true for operating profits:
T = (1 —a)allte)/d-a)—a/l=a) (24)

Since all incumbent firms i € [0, A] make identical choices, we can drop the index i in the
subsequent analysis and use the notation p, x, k, and 7 instead.
The R&D sector employs scientists L 4 to discover new technologies in the form of blueprints

A according to the production function
A =)NALy, (25)

where A refers to the productivity of scientists. There is perfect competition in the research
sector such that R&D firms take both the real price of blueprints p4 and the real wage of
scientists w4 as given. Since the production function (25) is linear in L4, the profit of the
representative R&D firm (pgAA — w4) L4 is linear in L 4, too. Hence, the existence of profit-
maximizing production plans with L4 > 0 requires that scientists are paid their marginal
product, i.e.,

PANA = wy. (26)

2.3 Market clearing and equilibrium dynamics

We close the model by introducing the market clearing conditions for all markets. Afterwards
we derive a system of differential equations that governs the dynamic evolution of the economy
in a symmetric macroeconomic equilibrium. In such an equilibrium households maximize utility,
firms maximize profits, and all market clearing conditions are satisfied. The word “symmetric”
means that households — being identical in every respect — and firms — facing identical cost and
demand functions — make identical choices.

Equilibrium in the labor market requires that the wage rates earned in the final goods sector
and in the R&D sector are equal because labor is homogenous. In addition, the sum of labor

inputs in these two sectors must equal the exogenously given labor supply of households:
Wy = W4y =W and Ly +Ls=0L. (27)

Equilibrium in the rental market for physical capital requires that the supply of capital (K) is
equal to the aggregate capital input of firms in the intermediate goods sector (Ak). Using (23),
this condition can be written as

RARTACRD)

K= Ak = A () Ly. (28)

T
Equilibrium in the stock market requires that all previously and newly issued shares are held by
households. The normalization of the number of shares that are issued by a single intermediate
firm to 1 yields Z = A and Z = A. Since all firms in the intermediate goods sector earn identical

profits, their shares will have the same price in equilibrium. From the no-arbitrage condition
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under status preferences (11) it follows that the common price of shares at time ¢ is given by

pz(t) = /tooexp{—/; [r (v) + T (v)] dv} D (7)dr,

where
=80, x,6x) — 7 (C,Q,x,62) = MRS (C,Q,X) (6x — d7). (29)

Z

Future dividend payments are discounted by r +T' = r + eX — ¢Z, i.e., the sum of the market

rental rate r and the difference between the status-related extra returns of wealth accumulation

K K and 4 are

in the form of physical capital and shares, e —¢Z. If ¢ = ¢z, the extra returns e
equal, such that the formula for the calculation of the fundamental value of a stock simplifies
to the standard expression in Romer (1990).

New entrants into the intermediate goods sector have to buy a new technology in the form
of a patent at price p4 the purchase of which is financed by issuing a new share. Due to free
entry, competition between new entrants will cause p4 to reach the highest possible level. Since
the price of a share attains its maximum if the operating profit is fully distributed in the form

of dividends, we have that D = 7 holds in equilibrium and the share price is given by

pa®=pz )= [ ew{- [[F@+TEIE} 70 (30)

where T is defined by (29). Differentiating (30) with respect to time ¢, we obtain the following
differential equation for the evolution of the price of patents:
PA
bA ba

T
- — (31)

Substituting various results derived above into the flow budget constraint of the represen-
tative household (1), we show in the Supplement that the market for final goods is also in
equilibrium, i.e.,

Y =C+K, (32)

such that output of final goods is either consumed or used for investment in physical capital.
Putting all the information together, we show in the Supplement that the dynamic evolution

of the four variables A, K, La, and C is governed by the following system of differential

12



equations:

% — AL, (33)
K K —(-) o
K~ [A(L—L/n] K o
C o [T K
o= (Cx)a [A(L—LAQ} +e7 (O x.9x) —p ¢ (35)
‘ ~(1-a)
LA:(L_LA){_(l_a)[A(LI{LAJ +%+)\LA

AL - L)+ G x dn) ~ e (€9 x ¢x) } , (36)

where

N =o¢xK + ¢z

(1—;4)14 [A(LIELA)]Q (37)

holds in (35) and (36). Inspection of the system (33)—(37) reveals that, as in the standard
framework of Romer (1990), we need to impose additional structure on the preferences to
ensure the existence of a balanced growth path (BGP). The BGP is defined as a stationary

equilibrium in which the variables A, K, C, and €) grow at the same constant rate
g = (4/4)" = (k/K) = (¢/c)" = (/0) >0,
while the variables L4, K/[A(L — L4)], C/K, and

C
C_ K
o= (39)

1—a K ~(1=e)
Okt I L) [A(L—Lfn]

remain unchanged at their steady-state levels L*, {K/[A(L — La)]}", (C/K)*, and (C/)".
A crucial element of the derivation of the differential equations (34)—(36) is the fact that the
variables r, p, m, w/A, pa, and Y/K can be expressed as functions of K/[A (L — Ly)| and
(L — L4). Hence, along the BGP we are looking for, these variables are constant, while aggregate
output, per capita output, and wages grow at rate g*.

In the rest of the paper we restrict our attention to specifications of the instantaneous utility
function u (C, S) and the status function S (Q, Q) such that i) the symmetric effective elasticity

of intertemporal substitution under relative wealth preferences does not depend on C, i.e.,

do® (C, x)

5%C =0, (39)

and ii) the symmetric marginal rate of substitution of status-relevant own wealth  for con-
sumption C, MRS (C, €, x), can be expressed as a function of C/€). Since we are also interested

in analytical solutions, we employ the stronger assumption that M RS (C, 2, x) depends linearly

13



on C'/€ such that

MRSZ?]X% n >0, (40)

where 7 represents the intensity of the quest for status of the representative consumer. The
sign of 7 follows from the already mentioned fact that M RS/OC > 0 holds because of the

K

normality of status. Equation (40) implies that the status-related extra returns e® and % are

linear functions of C'/€2:

C C
K = KM X —, eZ = Pzm X a (41)

The structure that we impose by (39) and (40) on u (C,S) and S (£, ) is rather mild. In
the Supplement we show that the quite general specification of relative wealth preferences given
by

u(C,S)=V[g(C)h(S)], S:S(Q,Q),

satisfies the properties (39) and (40) if i) the instantaneous utility function has the form

1MGS%=119{FWM$F%—4}, £€>0, 0>0, 1+£(0-1)>0  (42)

where h (S) > 0 and A’ (S) > 0, and ii) the status function exhibits the ratio specification
S(2,Q) =¢(2/Q), ¢ >0, ¢"<0. (43)

These specifications of u (C, S) and S (2, ) imply that x = S (€2,Q) = ¢ (1) and

s 1
== > " (44)
C B Wl W (1) _ X))
MRS = — =—->0 = = 0. 4
o 1=t PETR) o W
For ¢ = 1 these results simplify to o = 1/6 and n = .
Substituting (41) into (35) and (36) yields
¢ o[ K U ¢
c=° {a [A(L—LA)] +¢K77§_P ) (46)
. K 170 ¢ (¢x —¢z)nC
LA:(L—LA){—(l—a)[M] +§+>\LA—)\(L—LA)+T5 )
(47)

where C'/€Q is given by (38).

In the following we analyze the system that consists of the differential equations (33), (34),
(46), and (47). To determine the BGP, we replace A/A, K /K, and C/C by the common growth
rate g and set L4 = 0. From the differential equation (33) and the labor market equilibrium
condition (27), it follows that

Ly=2 Ly =L—Lj="" (48)
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The production function for new blueprints and the labor market equilibrium condition imply
that any rise in the common growth rate g* requires a reallocation of labor from the final goods
sector to the R&D sector, i.e., an increase in L% and a corresponding decrease in Ly, .

The differential equation (34), which results from the equilibrium condition of the market

for final goods, implies that

@[ en] 0w

Substituting (48) and (49) into the differential equations (46) and (47) and taking into account
Equation (38), we derive a two-dimensional system of equations in the two variables ¢g* and
(C/K)* (see Appendix B):

. C\*
—(1-a?%) g +0°{a® + ¢Z(1_Z§m* o <K> =%, (50)
oty e ()

* 1 2 (¢K_¢Z)n C *_
1+a)g'+—Ja + w0-a . [CV <K> =\L.  (51)
oS o (%) ]

Equation (50) is a representation of the steady-state version of the Euler equation for consump-
tion,
gt =" [r* + (5K)* - p} , (52)

which is obtained by expressing the rental rate r* and the status-related extra return of wealth
accumulation in the form of real capital (¢%)* as functions of g* and (C/K)* and taking into
account that (C'/C)* = g*. From a technical point of view, Equation (51) yields combinations
of g* and (C/K)* that exhibit the property that L4 = 0. For the economic interpretations it
will be of crucial importance that Equation (51) is equivalent to the steady-state version of the

no-arbitrage condition
T*+(5K)*: (m/pa)* + (6Z)*, (53)

which is obtained by expressing 7*, (¢%)*, the dividend yield (7/p4)*, and the status-related
extra return of wealth accumulation in the form of shares (¢Z)* as functions of ¢* and (C/K)*
and taking into account that (pa/pa)* = 0.8

In the Supplement we analyze the existence, uniqueness, and stability properties of the
BGP. If an economically meaningful equilibrium exists, it is unique. The saddle-point stability
is proved analytically for the special cases in which i) shares and capital are equally status
relevant or ii) shares are irrelevant for status. For the general case, we illustrate the saddle

point stability numerically.

8The equivalence of (51) and (53) is not obvious at first glance. In the Supplement we show that i) the differen-
tial equation for pa given by (31) is the starting point for the derivation of the differential equation for L given

by (47) and ii) Equation (47) is equivalent to La = (L — La) {1/a [r+e% — (n/pa+e?)] - K/K+A/A}
Setting L4 = 0 and taking into account that (K /K)* = (A/A)* = g*, we obtain (53).
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3 The long-run economic effects of the quest for status

In the following we analyze the dependence of the BGP on the status parameter 7. This
parameter is an important determinant of the status-related extra returns X = ¢xn x (C/9)
and € = ¢zn x (C/Q). More precisely, we consider modifications in the specification of
status preferences that cause variations in 7, but leave the effective elasticity of intertemporal
substitution o unchanged. In the context of the general CIES preferences (42) and (43) and
the resulting expressions for o and 7 as given by (44) and (45), respectively, this implies that
we consider variations in 3, while leaving & unchanged. This thought experiment should be
interpreted as the comparison between the balanced growth paths of two economies that differ
only with respect to the status parameter n (high-n-economy or more status conscious economy
versus low-n-economy or less status conscious economy).

Before we start with the analysis, we want to stress a crucial feature of our framework that
is important for the interpretation of our results but which is absent in the standard Romer
(1990) model. From the steady-state versions of the Euler equation for consumption, g* =
o [r* + (e%)* — p], and the no-arbitrage relation, r* + (¢%)* = (7/pa)* + (¢%)*, it is obvious
that a rise in the steady-state growth rate g* requires an increase in both the effective rate of
return on physical capital, r*+(¢/)*, and the effective rate of return on shares, (7/pa)*+(e%)*.
The most important aspect of the model with status preferences is that the market rates of
return 7* and (7/pa)* and the effective rates of return 7* + (¢%)* and (7/pa)* + (¢%)* may
move in opposite directions in response to variations in the status parameter 7. The production
function of the R&D sector, A = AAL 4, implies that ¢* = AL%. Hence, a higher growth rate
requires more scientists in the R&D sector. In any (stationary and non-stationary) equilibrium,
the following positive relation between the dividend yield and employment in the final goods

sector holds (for a proof see the Supplement):
w/pa=a Ly =aX(L—Lja). (54)

It follows that (m/pa)* = a (AL — g*), i.e., for given values of o, A\, and L, there is an inverse
relation between the steady-state value of the dividend yield (7/p4)* and the steady-state value
of the common growth rate g*. This result, together with the Euler equation for consumption
and the no-arbitrage relation, implies the following: A stronger quest for status (higher ) can
only be associated with a higher common growth rate g* if there is an increase in the status-
related extra return of shares (¢7)* that is only partially compensated by a decrease in the
dividend yield (7/pa)”. In this case both effective rates of return (on physical capital and on
shares) are higher and so is the growth rate.

First, we analyze the special case ¢ = ¢z = 1 in which the status-relevant measure of
wealth ) equals the standard definition of wealth. In this case physical capital and shares
are equally relevant for status such that status-related extra returns coincide at any time t.
From the steady-state version of the no-arbitrage equation (53) it then follows that, along the
BGP, the market rates of return on physical capital and shares are equal, i.e., 7* = (w/pa)™.

Altogether, we are able to state the following proposition for this case.

Proposition 1. If ¢z = ¢ = 1, the BGP exhibits the following properties:
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i) The solutions for g* and (C/K)" are given by

. _ola+mAL -]
1+o%a+n(1+a)’

<C>*:)\L—(1+a)g* (1-a?0%) AL+ (14 a)c”p

o  a{l+o%la+n(l+a)}

K

The solution for (C'/K)* is economically sensible if

C * * )\L 2 S S
<K> >0&g <1+a<:>(1—0z0 JAL+ (1+a)o”p > 0. (55)

The steady-state growth rate g* is strictly positive if and only if the representative house-

hold is sufficiently patient in the sense that

p < (a+mn)AL. (56)

i1) If (55) holds, then g* depends positively on the status parameter n

dg" ac® <C)*>O
o 1+ja+n(l+a)es \ K ’

while the other endogenous variables exhibit the following dependence on n):

ov* <0 c C C I Y T
or v=—,—,— —, TP, —
877 K'Y Q Y’K’ apvaa
ov” >0 f La, 2 2, eK e + &K T + &% v
or V= LA, » L, ) s T ) yPA, s
on Ly DA Pay

sgn (887:7 > =sgn(2a—1).

i11) The composition of wealth does not depend on the status parameter n:

() = (&)
— | =aq, — =1—-0.
K +paA K +paA

Proof. See Appendix C.2.

In the following we provide the economic interpretation of the results described in this
proposition. If ¢z = ¢x = 1, any economically sensible BGP exhibits the property that the
common growth rate g* (of consumption, physical capital, the number of shares, the mass of
intermediate goods, output of final goods, the representative household’s wealth, and of real
wages) depends positively on the status parameter 1. A crucial feature of the case ¢z = ¢ =1
is that the identical effective rates of return r*+(e)* and (7/pa)*+(¢%)* also depend positively
on the status parameter 1. As mentioned above, this results from the fact that a rise in 5 leads
to an increase in the identical status-related components (¢%)* and (¢%)* that is only partially

offset by the fall in the identical market rates of return, r* and (7/p4)*. According to the Euler
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equation for consumption, the rise in the effective rate of return r* 4 (¢)* implies an increase in
the growth rate of private consumption (C'/C)* = g*. In other words, the greater 7, the steeper
the consumption path chosen by the representative household, i.e., the higher the willingness
to substitute future consumption for current consumption. The resulting changes in the saving
behavior imply that the growth rate of the representative household’s wealth increases. In
contrast to its growth rate, the composition of wealth does not depend on n because « percent
is held in the form of physical capital, while 1 — o percent is held in the form of shares.

Since physical capital holdings grow at a higher rate, the capital input in the intermediate
goods sector also has to grow at a higher rate. In the high-n-economy, firms in the intermediate
goods sector face a lower rental rate of physical capital r*, i.e., a lower marginal cost, and
hence they will charge a lower price for their products as determined by p* = (1/a) x r*. The
lower price of intermediate goods p* induces the representative firm of the final goods sector to
produce with a higher intensity of intermediate goods. This increase in (z/Ly )" originates from
both an increase in the common input of each existing variety of intermediate goods z* and a
fall in labor input Lj.. The latter effect allows for the sectoral reallocation of labor from final
goods production to R&D that is necessary to achieve a faster rate of technological progress.

As explained above, the number of shares that are held by individuals and issued by the
firms to finance the purchase of new technologies grows faster in the high-n-economy. The price
of shares and therefore also the price of new technologies depends positively on 7, while there
is no growth in the price of new technologies along the BGP. The reason for the level effect is
the following. Since the status-related extra returns of both savings vehicles are equal in case
of o = ¢z = 1, the dividends financed by operating profits are discounted with the rental
rate of physical capital, r*. The rise in 1 implies a fall of the rental rate of physical capital,
which guarantees a rise in the net present value of profits and therefore of the price of shares
and patents, irrespective of the fact that the dependence of operating profits 7* upon 7 is
ambiguous.? New entrants in the intermediate goods sector have to pay a higher price for the
patents in the high-n-economy. However, since the effective rate of return on shares is higher in
the high-n-economy, its inhabitants are more willing to acquire the associated shares, in spite
of the lower dividend yield.

Now we show why the R&D sector has to charge a higher price for the blueprints in the
high-n economy. The rise in the intermediate goods intensity in the final goods sector implies
an increase in the marginal product of labor and, hence, a rise in the ratio of the real wage to
the mass of varieties (w/A)". Since the technology of the R&D sector is linear and we have
perfect competition, the equilibrium has to be characterized by p% = A"t (w/A)* and profits in
the R&D sector are zero. In the high-n-economy, each value of A is associated with a higher
real wage. Moreover, the real wage also grows faster.

Finally, we show why the results of the proposition are consistent with the market clearing
condition of the final goods sector, Y = C + K, and the implied relation g* = (K JK)* =
(Y/K)" — (C/K)" =[1—-(C/Y)"](Y/K)*. An increase in 7 raises the growth rate of physical
capital because the reduction of (Y/K)" is smaller then the reduction of (C/K)*. In other

words, the rise in the economy-wide savings rate [1 — (C/Y)"] is only partially compensated

“Recall that an increase in 7 reduces p* and raises x*. Altogether we have: sgn(d7*/0n) =sgn(2a — 1).
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by the fall in (Y/K)*. The reason for the fall of (Y/K)* is in turn given by the increase in
the intermediate goods intensity of the final goods sector and the associated fall in the average
product of the aggregate input of intermediate goods [Y/ (Az)]* = (Y/K)".

Next we turn our attention to the special case ¢ = 1 and ¢z = 0 in which wealth held in
the form of shares is irrelevant for status, e = 0. The steady-state version of the no-arbitrage
equation simplifies to r* + (e )* = (m/pa)*. Hence, along the BGP, the rental rate of physical
capital is less than the dividend yield, i.e., r* < (7/pa)*. Moreover, to calculate the fundamental
price of shares, future dividend payments are discounted by using the effective rate of return on
physical capital, r* + (¢/)*. Altogether, we are able to state the following proposition for this

case.

Proposition 2. If ¢z =0 and ¢ = 1, the BGP exhibits the following properties:
i) The solutions for g* and (C/K)* are given by

S
. 0°(aAL
g ( p)

1+ aoc®
<C>* Ca\L-(1+a)g]  a[(l-a?0”) AL+ (1+a)oc®)p]
K/ — a2+ o (1+ acd) (a? +n) '

The solution for (C/K)" is economically sensible if

C * * AL 2 S S
— 1-— L 1 .
(K) >0&g <1+a<:>( @’0”) AL+ (14+a)o”p >0 (57)

The steady-state growth rate g* is strictly positive if and only if the representative house-

hold is sufficiently patient in the sense that

p < aAl. (58)

it) The growth rate g* is independent of the status parameter 1,

og*
on N

0

and this independence is also true for the following variables:

a *
) for UZLA,Ly,T'—i-EK,l,EZ.

on DA

The other endogenous variables exhibit the following dependence on n:

8U*<O for v*gggzr
8']7 _K,Q,Y’K’ 7p7
ov” T

an >0 for v =
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i11) The composition of wealth exhibits the following properties:

O[K/ (K +psA)l K ’
on >0 <K+pAA)

Proof. See Appendix C.3.

li K ' <1
= q, m { —— .
=0 n—oo \ K +paA

The striking feature of the case ¢z = 0 and ¢ = 1 is that the growth rate ¢g* is independent
of the status parameter 7. The technology used in the research sector and labor market clearing
imply that employment in the R&D sector and in the final goods sector, L and L3, respectively,
are also independent of 7. This result does not come as a surprise. In interpreting Equation
(54), m/pa = aALy = a\ (L — L4), we already stressed that a stronger quest for status (higher
1) can only be associated with a higher common growth rate ¢g* if there is an increase in the
status-related extra return of shares (¢7)* that is only partially compensated by a decrease in
the dividend yield (7/pa)”. However, if ¢z = 0, then eZ = 0, so that the required increase in
(e%)* cannot occur.

A rise in 7 leads to an increase in the status-related component of saving in the form
of physical capital (¢)* that is perfectly offset by the fall in the rental rate 7* so that the
effective rate of return on physical capital remains unchanged. From the Euler equation for
consumption it follows that the growth rate of private consumption (C'//C)* = g¢* remains
unchanged, too. In other words, along the BGP, the willingness to substitute future consumption
for current consumption is independent of the status parameter n. The no-arbitrage equation
r* 4+ (eK)* = (7/pa)* implies that the dividend yield (7/p4)* is also independent of 7. Note
that a rise in 7 leaves the growth rate of wealth unchanged, but alters the composition of wealth
in favor of physical capital.

In the high-n-economy, firms in the intermediate goods sector are confronted with a lower
rental rate of physical capital (similar to the case ¢x = ¢z = 1). The resulting lower price
of intermediate goods induces the representative firm of the final goods sector to choose a
higher intermediate goods intensity. This increase of (z/Ly)* originates in an increase of z*,
i.e., the input of each existing variety increases. In contrast to the case of ¢ = ¢z = 1,
employment in final goods production remains unchanged. For the aggregate physical capital
input K = Ak* = Ax* we have that each value of A is associated with a higher value of
K in the high-n-economy but that the growth rate of physical capital is the same as in the
low-n-economy.

In contrast to the case ¢ = ¢ = 1, operating profits of an intermediate goods producing
firm, 7* = (1 — ) p*x*, depend positively on 7 because the percentage change of z* overcom-
pensates the percentage change of p*. For the fundamental price of shares we also have an
unambiguous result: The assumptions ¢x = 1 and ¢z = 0 imply that the stream of divi-
dend payments is not discounted with the rental rate r* but with the effective rate of return
r* + (e)*. Since 9[r* + (¢%)*]/0n = 0, the higher dividends are discounted at the same rate
such that the fundamental value of shares increases. New entrants into the intermediate goods
sector are therefore able to pay for the patents by issuing more expensive shares. In contrast

to the case of ¢z = ¢ = 1, the number of shares that are held by the individuals grows with
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the same rate in the high-n-economy and in the low-n economy.

Again we have argued that the price for patents that new entrants in the intermediate goods
sector pay depends positively on 7. Analogous to the previous case, firms in the R&D sector in
the high-n-economy have to charge higher prices because they are confronted with higher real
wages. Regarding the growth rate of real wages, g*, there is, however, no difference between the
high-n-economy and the low-n-economy. Analogous to the case ¢ = ¢z = 1 we have that the
ratio of the real wage to the mass of varieties (w/A)" increases because the intermediate goods
intensity in the final goods sector (x/Ly)" rises and the corresponding increase in the marginal
product of labor implies a higher economy-wide wage.

From the market clearing condition of the final goods market, Y = C+ K, and the associated
condition ¢* = (K/K)* = (Y/K)* — (C/K)* = [1 - (C/Y)*](Y/K)*, we get the following
additional information: An increase of 7 does not affect the growth rate of physical capital
because (Y/K)* and (C/K)* fall by the same amount. In other words, the increase in the
economy-wide savings rate [1 — (C'/Y")"] is fully compensated by a fall of (Y/K)*. The reduction
of (Y/K)* can be derived in analogy to the case ¢ = ¢z = 1 because of the rise of the
intermediate goods intensity in the final goods sector.

Next, we dwell more on the importance of ¢z. In this context, we allow for both 0 < ¢z <
ox and ¢z > ¢k, i.e., shares of entrants might be less or more status relevant than physical
capital employed by incumbents (or the assets that were used to finance its purchase).

The effects of ceteris paribus changes in n are summarized in Proposition 4, which is stated
and proven in the Supplement because most of the results given in Proposition 1 for the special
case ¢y = ¢ carry over to situations in which either 0 < ¢z < ¢x or ¢z > ¢ holds. In
particular, the growth rate g*, the average propensity to save 1 — (C/Y)*, and the effective
rates of return r* + (EK)* and (7/pa)* + (EZ)* depend positively on the status parameter n
regardless of whether shares are less or more status relevant than physical capital. However,
the results for (Y/K)* and the variables that depend crucially upon (Y/K)* cease to be valid if
the relative status relevance of shares ¢z /¢ exceeds a critical value that is greater than unity.
Finally, we show that a rise in 7 alters the composition of wealth in favor of shares if ¢z > ¢
and in favor of physical capital if ¢ > ¢z, while K/ (K + p4A) = « holds for ¢ = ¢ . Since
these modifications do not affect the main result with respect to economic growth we do not
discuss the details here. Instead, we proceed with the effects of ceteris paribus changes in the

relative status importance of shares.

Proposition 3. If ¢ > 0 and ¢z > 0, then the growth rate g* depends positively on the

relative status weight of shares, i.e.,
a *
I_>.
0¢z

Moreover, the following endogenous variables exhibit an unambiguous dependence on ¢z :

ov* CY T

>0 or v=—,—,p,r,La,r+e& — 4% &7,
0Pz f K'K PA
ov* T w T K

<O or U= 7,LY,ZL’,7T,*,])A,7,7.
0pz f Ly A pa K +paA

Proof. See Appendix C.4.
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We now turn to the economic interpretation of the results summarized in Proposition 3. A
ceteris paribus rise in ¢z implies that private households re-adjust their portfolio by shifting
wealth from physical capital holdings toward shares. The market rate of return on physical
capital, 7*, rises, while the market rate of return on shares, (7/pa)*, falls. However, the rise
of the status-related extra return of shares, (¢2)* = ¢zn x (C/Q)*, more than offsets the fall
in the dividend yield so that the effective rate of return on shares, (7/pa)* + (¢%)*, depends
positively on ¢z. The no-arbitrage condition implies that the effective rate of return on physical
capital also depends positively on ¢z. According to the Euler equation for consumption, the
rise in the effective rate of return implies an increase in the growth rate of private consumption,
(C /C)* = g*. In other words, the consumption path chosen by the representative household
becomes steeper. The common growth rate of total wealth and its components, physical capital
and shares, increases. Hence, while the proportion of physical capital decreases, its growth rate,
(K/K)* = g*, increases.

In the high-¢z-economy firms in the intermediate goods sector face a higher rental rate of
physical capital, *, and hence they will charge a higher price for their products according to
the mark-up pricing rule, p* = (1/«) x r*. The higher value of p* causes the representative firm
of the final goods sector to choose a lower intensity of intermediate goods, (x/Ly)". Since the
high-¢z-economy exhibits a higher common growth rate, ¢*, employment in the R&D sector,
L%, is also higher, while the opposite is true for employment in the final goods sector, Lj-. Since
both (z/Ly)" and L} depend negatively on ¢z, the identical input of the different varieties
z* depends negatively on ¢z, too. To put it differently: Production and employment of each
variety is lower but the stock of varieties grows at a faster rate, (A/A)* = g*. In the high-¢-
economy, firms in the intermediate goods sector face lower profits, 7* = (1 — «) p*x™*, because
the increase in the price p* is overcompensated by a decrease in the number of units sold, z*.
The fall in * implies that each firm in the intermediate goods sector uses less physical capital,
k* = x*. Since the stock of varieties grows faster, also the aggregate stock of physical capital
grows at a higher rate.

In the high-¢z-economy, the lower ratio of intermediate goods to labor, (x/Ly )", implies a
lower marginal product of labor. Consequently, the ratio of the real wage to the mass of varieties,
(w/A)*, is also lower, while, by contrast, the growth rate of the real wage, (w/w)* = g*, is higher.
The lower level of (w/A)* together with the linear technology in the research sector and perfect
competition imply that the price of blueprints, p%, is lower. Since it holds that pz = p4 in
equilibrium, shares are also cheaper. An increase in ¢z leads to a decrease of the dividend yield,
(m/pa)*, because 7 decreases by a larger percentage value than p*. As explained above, the
rise in ¢z implies that the composition of the household’s portfolio shifts in favor of shares.
Furthermore, the growth rate of the stock of shares, (Z/Z)* = (A/A)* = g*, rises.

Finally, inspired by Corneo and Jeanne (1997, 2001a) we end our detailed analysis with a
remark on the social optimality of the decentralized long-run growth rate. The standard Romer
(1990) model exhibits the well-known property that the decentralized long-run economic growth
rate is less than its socially optimal counterpart due to several distortions. In our paper the
quest for status acts so as to increase the decentralized long-run economic growth rate provided

that shares are status relevant, i.e., ¢z > 0. A necessary condition for the perfect replication of
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the socially optimal BGP is that the status relevance of shares exceeds that of physical capital,
ie., ¢z > ¢ > 0. More specifically, we can show that if ¢ > 0 and (1, ¢z) = (1,SbK ), where
¢ > 1 and 7 are uniquely determined constants, then the decentralized BGP equals its socially
optimal counterpart in the absence of any government intervention. For details see Proposition
5 given in the Supplement.!® Please note that the condition (1, ¢z) = (7),{¢x) can only be

satisfied by pure coincidence, since 1, ¢, and ¢z are exogenously given status parameters.

4 Conclusions

In this paper we introduced status preferences into an R&D-based economic growth model
with three sectors of production (final goods, intermediate goods, and blueprints) to analyze
the impact of status concerns on technological progress and on long-run economic growth. In
contrast to the standard relative wealth approach used in the status literature, we allowed for
the possibility that the components of household’s wealth differ with respect to their status
relevance. The introduction of the generalized relative wealth preferences implies that the
effective rate of return of saving in the form of a particular asset is the sum of its standard market
rate of return and its status-related extra return. In both the Euler equation for consumption
growth and in the no-arbitrage condition, the rental rate of physical capital and the market
rate of return of shares have to be replaced by the corresponding effective rates of return.

First, we analyzed the effects of an increase in the intensity of the quest for status, i.e., a
rise in the marginal rate of substitution (MRS) of status-relevant own wealth for consumption.
This rise affects the economy by raising the extra returns of all assets that are status relevant.
As long as this impact effect is not perfectly offset by a decrease in the corresponding market
rate of return, the common steady-state effective rate of return of all assets rises. The resulting
stronger incentive to save causes the demand for shares and hence for new technologies to grow
at a higher rate, which fosters technological progress. According to the underlying production
technology in the R&D sector, the acceleration of technological progress is ultimately due to an
increase in the employment of scientists. Altogether, these effects induce the common long-run
growth rate to rise.

One of our main results is that the effects of an increase in the intensity of the quest for status
on the common growth rate depend crucially upon the status relevance of shares. We started
with two special cases in which explicit solutions for all variables can be easily calculated: i)
if physical capital and shares are equally status relevant, then the status-related extra returns
of these two assets are identical. A rise in the intensity of the quest for status causes the
common growth rate to rise unambiguously. This result is due to the fact that the rise in the
status-related extra return of physical capital and shares is only partially compensated by the
decrease in the rental rate and the dividend yield so that the common effective rate of return
of the two assets increases; ii) if wealth held in the form of shares is irrelevant for status, then
the status-related extra return of shares equals zero. A rise in the MRS of status-relevant own
wealth for consumption causes the extra return of physical capital to increase. But since this

rise is perfectly offset by a fall in the rental rate of capital, the effective rate of return of real

10T the Supplement we derive the socially optimal solution, calculate the values of 7 and &, and discuss the
resulting properties of the decentralized BGP in detail.
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capital and, hence, the common growth rate remain unchanged. While the growth rate of the
representative household’s wealth remains unchanged, the composition of wealth is altered in
favor of physical capital. Finally, we considered the case in which wealth held in the form
of shares and in the form of physical capital are relevant for status. In this (realistic) case
an increase in the intensity of the quest for status causes the common growth rate to rise
irrespective of the relative status relevance of shares.

Second, we kept the intensity of the quest for status constant and analyzed the implications
of an increase in the relative status relevance of shares. Private households adjust their portfolio
by shifting wealth from physical capital holdings (or bonds/loans) to shares. The rental rate
of capital rises, while the dividend yield falls. However, this fall in the dividend yield is more
than offset by the rise in the status-related extra return of shares so that the effective rate of
return of shares rises. The no-arbitrage condition implies that the effective rate of return of
physical capital rises, too. Consequently, the common growth rate along the BGP increases.
The consumption path chosen by the representative household becomes steeper. While the
proportion of shares increases, not only shares, but also physical capital are accumulated at a
higher rate. Altogether the differential status effect of traditional physical capital versus those
of shares is one potential channel to explain the superior growth patterns of countries in which
entrants/startups have better access to new funds such as the United States.

A final interesting feature of our framework is that, while the standard R&D-based economic
growth model of Romer (1990) exhibits the property that the decentralized long-run growth rate
is unambiguously smaller than its socially optimal counterpart, the externality resulting from
relative wealth preferences reduces the influence of the other distortions provided that shares
matter for status: However, as long as the status relevance of shares does not significantly
exceed that of physical capital, neither the perfect replication of the socially optimal growth
rate nor excessive growth can occur.

With respect to further research we would like to mention two promising avenues: First,
from a public economics point of view it would be interesting to analyze how the socially
optimal taxation/subsidization is influenced by the introduction of relative wealth preferences
and the possibility that the various assets differ with respect to their relative status relevance.
Second, one could abandon the representative agent framework and allow for the heterogeneity
of households. This could yield useful insights when analyzing the driving forces behind wealth
disparities and assessing the conditions and policies under which the poor do not fall too far
behind the rich.
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Appendix

A The representative household’s optimization problem

We dismantle the flow budget constraint (1) into two differential equations for the state variables
K and Z:

K =rK+wL+DZ—pzQ —C, (A1)
Z=Q. (A.2)

The representative individual chooses time paths for C' and ) so as to maximize lifetime utility
given by
0 —
/ e Py [C’,S (Q,Q)] dt,
0

where

Q=¢x K+ ¢zpzZ  and Q=K + ¢zpz2, (A.3)

subject to the differential equations (A.1) and (A.2) and the two initial conditions K (0) = Ky
and Z (0) = Zy, where Ky and Zj are exogenously given. The representative household takes

the time paths of r, w, pz, D, K, and Z as given. The current value Hamiltonian is
H=ul[C,S (¢ K + ¢zp2Z,0x K + ¢zpzZ)| + px (rK + wL+ DZ — pzQ — C) + pnzQ,

where the costate variables px and pyz denote the shadow price of physical capital and shares,

respectively. The necessary optimality conditions for an interior optimum are

ou (C, 5 (2,9))

i = = , (A.4)

Kz = WKPZ, (A.5)
ou (C, S (2.9)) aS (2,

[k = PUK — ( 88( ) éQ )¢K+MK7“ ; (A.6)
ou (C,S (9,0)) 05 (2,0

[z = ppz— ( 8S( ) éQ )¢ZPZ+MKD], (A7)

where Q and Q are given by (A.3). The transversality conditions are given by

tli}m e PugK =0 and lim e *'uyZ = 0. (A.8)
0 t—00
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Since the Hamiltonian is jointly concave in C, (), K, and Z, the transversality conditions ensure

that the necessary optimality conditions are also sufficient. Using (A.4) and (A.6) we obtain

U (C, 5 (2,Q)) 95 (2,.9)

y oK
BE _ 0S8 00 _ A9
i | ou (C, S (2,0)) Pl (4.9)
oC
From (A.5) it follows that
fiz = fikpz + PKDZ- (A.10)
Substituting (A.4), (A.5), and (A.10) into (A.7) it follows that
ou (C, S (2,Q)) 05 (2,9)
P pz D dS on ¢
B2 22 = 5 ~ —p| - A1l
B Pz Pz ou (C, S (2,9)) P (A.11)

oC

Equations (A.9) and (A.11) yield two alternative representations of fix/pur. The required
equality of the right-hand sides of (A.9) and (A.11) yields the no-arbitrage relation of the

economy with relative wealth preferences:

oU(C5(2.9)) 95 (2.9) 0u(C,5(0,0) 95 (2.9)
as 00 "% _pz D s 00 "7
nr du (C, 5 (2,9Q)) A ou (C, S (2,9Q)) - (&1
aC ac

In any symmetric situation, = Q holds. Moreover, due to Assumption (7), we also have
S(0,Q) = S(2,9Q) = x for all 2> 0, where y is an exogenously given constant. Equations
(A.4), (A.9), and (A.12) simplify to

_ ou(Cx)

/'LK - T 90 (A.13)
Ml:_[r+€K(C7Q7X,¢K)—p}7 (A14)
UK
D .
T+EK(079aX7¢K):7+%+€Z(C393X>¢Z)7 (A15)
bz Pz
where
€K (C>Q>Xa ¢K) = MRS (CaQaX) X ¢K7 (A16)
€Z (C7Q,Xa¢Z) = MRS (CaQaX) X ¢Z’ (A]'?)
_ u(C,x) 95 (2,9) [u(C,x)] ™
MRS (€,0,0) = “ 00 - - . (A.18)

Note that (A.15) is equal to the no-arbitrage relation (11) as given in the main text, while
the definitions (A.16)-(A.18) coincide with the definitions ¢, ¢, and MRS [see Equations
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(12)—(14)]. From (A.13) it follows that

e _ 0*u(C.X) {au (C,x)}1 y g (A.19)

LK 0C? oC

Using (A.14) and (A.19), we obtain the Euler equation for consumption of a decentralized

economy populated by households with relative wealth preferences:

=% (O [ (€. bx) ], (A.20)
where , .
ou (C 0“u (C B

o’ (C,x) = — uécf X) [C’ UO(CQ’ X)] : (A.21)

Note that (A.20) and (A.21) are equivalent to (15) and (16) as given in the main text. Using

(A.5), the transversality conditions (A.8) can be written as
lim e P ugK =0, lim e " ugpyZ = 0. (A.22)
t—o00 t—o0

Integration of (A.14) yields

i (0) = e O exp |~ [ [r(0) 4 2K (€00 00) .0 0.

The assumption that du (C,x) /OC > 0 together with (A.13) implies that pg (¢) > 0 for ¢ > 0.

Hence, the transversality conditions (A.22) are equivalent to

Jlim {exp [— /Ot [r(v) + e (v)] dv] K} =0,
lim {exp [— /Ot [r(v) + e (v)] dv} pZZ} =0,

t—o0
where eX (v) = X [C(v), Q(v), X, ¢k]. Note that these conditions are identical to the conditions

(18) as given in the main text.

B The derivation of (50) and (51)

The dynamic evolution of the variables K, C, A, and L4 is governed by the four differential
equations (33), (34), (46), (47), where C'/€) is given by (38). It is easily verified from these five
equations that a BGP exhibits the following properties:

C K A

A C
L, = constant, — = constant, — = constant, = = = constant.
A K K C K A

Denote the steady-state value of a variable x by x* and the common steady-state growth rate of

C, K, and A by g* = (AJA)* = (K/K)* = (C/C)*. Using (33), (34), (46), (47), and (38), we
can show that ¢g*, L%, (A/K)*, (C/K)*, and (C/Q)" are determined by the following system of
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equations:

g = ALY, (B.1)
ol ol @)
;=0 {cﬂ [(ﬁ) (L -3 b (g) - p} , (B.3)
e (A o] o () o

—A(L—Lz)Jer(g)*, (B.4)

O e
o (Y e

From (B.1) and (B.2) it follows that

-

Substituting (B.6)-(B.8) into (B.3) and (B.4) and applying simple transformations, we obtain

(B.8)

* .

the following system of equations that determines g* and (C'/K)

, c\"
—(1-a%")g" + 0%’ + ¢Z(1_f§n* o (K) =op,
S A VA [g +<K> ])
(+a)g" + 010" — oV <K> = AL.
S AV [g +<K) }»

These two equations are identical to (50) and (51). H
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C Proofs of Propositions 1 — 3

C.1 The steady-state values of the endogenous variables

First, ¢* and (C/K)" are obtained by solving (50)-(51). Second, L%, L}-, and (Y/K)" are
determined by substituting the solutions for ¢* and (C/K)" into (48)—(49):

Ly=%.  Ly=L-Ly=""

(2) =g + <§> : (C2)

Third, using (19), (21), (22), (23), (24), (26), (27), (28), (38), (41), (52), (53), (54), and various
equations given in the supplement, the steady-state values of the other endogenous variables
can be expressed as functions of ¢*, (C/K)*, L*, L}, and (Y/K)™:

G- a0 ©9

(C.1)

8
p*:;xr*:a<§>*, (C.5)
g (c:f)”““‘) = )\L; . K;)*]—l/(l—a)’ o)
-
= (1—a)aLl [(IZH e (1—a) O}L; g [(2)] Tt , (C.8)
(] e
<”>* = aAL} =a (AL — g%), (C.10)
o) e [ e

oy’ (/K
<Q> ox + b25p (2) o
€ -5 -
14 (65) = a? G;) y o OK) 1 (C.14)

7 F = 559 e
)

br + ¢Zl;a* (
g
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<W>* + () =a(\L—-g")+ ¢zn (C/K) =L, (C.15)

DA l1—«a Y\* oS
¢K+¢Z}\L—Q*<K)
. o1 (C/K)" L. Y\
(%) = T = gsd oo () (C.16)
¢K+¢Z)\L_g* <K)
* CK* 1+OZUS ®
(EZ) — ¢Z771(_/a) - — = O-S g —|—p—a)\L, (C]_?)
¢K+¢Z)\L—Q*<K>
KN 1 _ 1 (C.18)
K +paA _1+1—oz Y *_1+ l—a (YT '
AL\ K A — g \K
C.2 Proof of Proposition 1
Proof of i): Setting ¢z = ¢x = 1 in (50) and (51) yields
(1 2 S\ * S 2 n Q ' _ S
Mo—g |7 T\ K

Solving this system of two equations for g* and (C/K)*, we obtain:

. 0% [(a+n) AL —p]
1+ a+n(1+a)

<C>*:>\L—(1+a)g* (1—(1205))\L+(1—|—Oz)05p

(C.19)

g

7 = . (C.20)

a a{l+o5[a+n(1+a)l}

From (C.19) and (C.20) the validity of the conditions (55) and (56) is immediately clear.
Proof of ii): The partial derivative of g* with respect to 7 is given by

(C.21)

@_US{(l_O‘20S))‘L+(1+a)USp}_ aoS <C>*
o 1+oS[a+n1+a))’ T 14 fad+nl+a)]oeS \K)

where the second representation is obtained by using (C.20). If (55) holds, then (C'/K)* > 0

and

dg* I (C/K)" 1+ adg*
0 d =— 0. C.22
on > an on T < ( )
From (C.19), (C.20), and (C.1)—(C.2) it follows that
s _ 9 o _A—g YV _AL-g
=%, =2 <K> =9 (C.23)
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Using (C.20), (C.23), and (C.4)—(C.17) the steady-state values of the remaining endogenous
variables can be expressed as functions of g* solely:

T*:CM(AL—Q*), p*:)‘L_g*v

ol/(1-a) 2 \* AL — o —-1/(1—a)
* _x\—a/(1-a) _ g
o' =—— AL ~-g) , <Ly> < ) )

(67
ph =2 — (AL; g*)—a/(l—a)7 (5) — - <AL; g*>_a/(1_a)’
=t a)fl/(l_a) (AL — g*)~ e D/0me) (;) —a (AL —g"),
<g) =AML= (1+a)g’, (1(?) _ AL ;L(lfgf) g

* 1
) = (D) ) = s

S
() = () = 5" —arL 4.

Taking into account that dg*/0n > 0 holds [see (C.22)], it is obvious from the equations given
above that

ov* 0 0 cC C C I Y T

r V= —, —, — —.rp —

877 K’Y’Q’ Y’K’ 7p7pA7
ov* T T w
>0 for v=1La, —,z,e8 % r+ef — 4% pa, —,
n Ly PA Pay

sgn <%7:7 ) =sgn (2a —1).

These results prove the validity of the assertions made in part ii) of Proposition 1.
Proof of iii): Using (C.23) and (C.18), we finally obtain

K * l—a AL—g*]! pad \*
— = ) =l = AT ) 21—, 1
(o) sy ] —o= () —1-e

C.3 Proof of Proposition 2

Proof of i): Setting ¢z = 0 in (50) and (51) yields

f(17a205)g*+05 (042+77) () _ O'Sp,

(1+a)g*+$(a2+n) () = AL

Q =[Q

K
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Solving this system of two equations for g* and (C/K)*, we obtain

. oS(aAL —p)

=" " .24
g 1+ac® (C.24)
c *: a[(1—a?0%) )\L—I—(l—l—a)asp]. (C.25)
K (1+ao¥) (a? +1n)
The validity of the conditions (57) and (58) is immediately clear.
Proof of ii): Equations (C.24) and (C.25) imply that
99" 0(C/K)
= d . 2
n 0 an on <0 (C.26)

From (C.1)—(C.17) it follows that the variables L%, L}, (7/pa)*, r* + (5)7, (7/pa)* + (¢2)7,
and (EZ )* can be expressed as functions of g* solely. Hence, taking into account that dg*/dn = 0
[see (C.26)] we obtain

ov*

S-=0  for  v=LaLy,;r+e n/pae? (n/pa) +<7.
I

The result with respect to €Z can also be inferred directly from the fact that €2 = 0 for ¢ = 0.
Using (C.2) and (C.26) we obtain

O(Y/K) _ 05" D(C/K) _0(C/K)
on on on on

<0. (C.27)

From (C.1)—(C.17) it also follows that the variables 7*, p*, (z/Ly )", p%, and (w/A)* can be
expressed as functions of (Y/K)* solely. It is verified at a glance that

ov* >0, for v=r,p,
OY/K)" | <0, for wv=x/Ly,pa,w/A.

Hence, using the fact that 9 (Y/K)" /On < 0 [see (C.27)], we obtain

ov* | <0, for v="r,p,
n > 0, for v=2a/Ly,pa,w/A.

The variables x*, 7*, and (EK )* can be expressed as functions of both ¢g* and (Y/K)", where

ov*
- <0 for v=uzx,mek.

9 (Y/K)
Taking into account that dg*/dn = 0 [see (C.26)] and 9 (Y/K)* /on < 0 [see (C.27)] we get

a *
v >0 for v=uz,m,ek.
on
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Setting ¢z = 0 in (C.12) yields (C/Q)" = (1/¢k) (C/K)*. Hence,

oCc/)” 1 9(C/K)
T ox og O

Finally, using (C.13) and taking into account that dg*/On = 0 and 9 (C/K)* /On < 0 [see
(C.26)], we obtain

(C)* (C/K) o) g 9C/K)

Y) g +(C/K) g+ (C/K)P <0

The validity of the assertions made in part ii) of proposition 2 is now easily verified by summa-

rizing the results derived above in the following compact way:

v =0 for U:LA,Ly,T-i-EK,l,EZ,
an DA
8v*<0 for v—gggzr
a,r/ - K’ Q? Y7 K7 7p7
ov” >0 for =2 K v
a,r/ v = LY’ 77T7E 7pA7 A'

Proof of iii) Using (C.24), (C.25), (C.1), and (C.2) we obtain

o g ALFo% (VY (1405 adL+ (a—n)adp
Y- A7 N1+ acd)’ K) (1+ ac®) (a? +n)

Substituting these results into (C.18) yields

(et - b (]

_ (a2 + T]) ()\L + o'Sp)
T a(AL+05p) + {1 +acS (1 —a)] AL + aoSp} (C.29)

Differentiating (C.28) with respect to n and taking into account that 9 (Y/K)* /On < 0 and
OL3,/On = 0, we obtain

DI/ (K a1, 1—0‘<Y)*}‘21—axa<Y/K>*>o.

on K AL an
It is obvious from (C.29) that

= Q.

()
K+ paA =0

Moreover, recalling that g* is strictly positive if and only if p < AL holds, we obtain

. K * /\L-l—asp
lim = <1.
n—oo \ K +psA AL+ 0%+ (1 —a)o® (aAL — p)
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These results prove the validity of all assertions made in part iii) of Proposition 2. B

C.4 Proof of Proposition 3

Introducing the definition ¢ = C/K, equations (50) and (51) can be written as

Ml (9*70*7777¢K7¢Z) =0 and M2 (9*7C*a777¢K7<15Z):O7

where

OKN

M, = —(1—0420'5)g*+0's a? + ¢ —op,
¢K+M (g* + ¢*)
AL — g*
1 _
My = (1+a)g"+~ [a®+ (x = z)n ¢ — AL.
@ ¢K+M (g* + C*)
AL — g*

In the Supplement we show that quite weak assumptions are sufficient for the existence of a

unique solution
g*:Hg<na¢Ka¢Z)7 C*:HC(U7¢K7¢Z)7

that is economically meaningful in the sense that ¢g* > 0 and ¢* > 0. The partial derivatives of g*

and ¢* with respect to the status parameters can be derived by means of implicit differentiation:

89* 1 8M2 8M1 8M1 6M2
= ) par:nvquad)Za

opar U\ dc* Opar 9 Opar
oc* B l _8M2 3M1 aMl aMQ ar — Qb ¢
Opar U dg* Opar ~ Og* Opar )’ par =1, oK. ¢z,

where

8M1 8M2 _ 8M1 aMQ
dc* Og* dg* Oc*
Note that the partial derivatives of M7 and M, are evaluated at

v

(C.30)

(g*ac*an7¢K7¢Z) - (Hg (777 ¢K7¢Z) 7HC (777¢K7¢Z) » 1, d)Ku(bZ) .

In other words, we consider the following expressions: dM;/0w| My=My=0> W = g*, c*, and par.

=0
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It can be shown by tedious calculations that

8M*1 —(1-a%%) - ek Pz il —a)act (AL ‘i; c*) — (C.31)
dg [0k (AL — g*) + ¢z (1 — @) (g* + ¢*)]

oM, — 0258 noro® (AL — g*) [px (AL — g*) + ¢z (1 — @) g*] (C.32)
dc* [0 (AL = g*) +0z (1 —a) (¢* + )

oMy o) _1PK —¢z) ¢z (1 —a) (AL +c*)c”

o0 YT ok AL —g) 02 (—a) (g7 + )P (€3
OMp _ 1 (0x —9z) AL —g") [ox AL —g") + é2 (1 — @) g"] (C.34)

der alpg (AL —g*) + ¢z (1 — ) (9*‘1‘0*)]2

Unfortunately, if ¢z > ¢g, then the sign of OMy/dc* cannot be determined immediately.

However, using the fact that

n(¢x — ¢z) (AL — g*) _aAL-(1+a)g* —ac’]

Me=0% L ) T oz(1—a) g + o) -

we can show that

OMz _ dza(l—a) ()’ + [¢x(A\L — g*) +d7 (1 — @) g"] AL — (1 + a) "]

C.35
o e Tok (ML — 47) 7 (1— ) (g" + ] (€39
holds at the steady state. From (C.31), (C.32), and (C.35) it follows that
8M1 8M1 8]\42
>0 >0 C.36
dg* <0, Oc* ’ Oc* ( )
holds at the steady state, regardless of whether 0 < ¢z < ¢ or 0 < o < ¢z.
From (C.30), (C.33), and (C.36) it is obvious that
oM.
bz > b = ——>0=T >0 (C.37)

dg*

To determine the sign of W for the case ¢z < ¢x we make use of the fact that ¥ can be

expressed as

1 [ox (1+a0®) = ¢z (1 — ?0®)] (AL — g*) [px (AL — g*) + ¢z (1 — @) g"]
alpr (AL —g*) + bz (1 — @) (g* + c*))?

n¢% (1 — a) a?ac* (AL + ¢*)

-

F el o (L= 7)1~ ) g + o
Equation (C.38) implies that
¢z < ox = ¢ (1+ac®) — ¢z (1 —a?c®) > 0= T > 0. (C.39)
From (C.37) and (C.39) it follows that
U0  for gy > 0. (C.40)
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To analyze the effects of changes in ¢z, we substitute

oMy o (1—a)oSc* (AL — g*) (g* + )

9%z |px (AL — g*) +¢7 (1 — ) (¢* + ¢*)]?
OMy  ngxc” (AL —g*) [AL —g")+ (1 —a) (¢* + )]

<0,

= <0
0z alpx (AL — g*) +z (1 — a) (g* + ¢*)]
into the general representation of the solutions. This yields
dg*  _ 1¢xno’c" AL — g*)* {¢x (o” + 1) (AL — g*) +¢z (1 — a) [o® (¢" + ¢*) +ng”] }
Opz ¥ a[px AL —g*) +67 (1 —a) (g + c*)’ ’
oc* 1 ¢ne” (AL — g*) [(1+0%) (1 —a)(g"+ )+ (1 — a?0”) (AL — g*)]
97 W aléx (AL = g*) +6z (1 - a) (g* + )]’
1 oxozn (1—a)o¥ () (AL — g*) (AL + )
Vo alpx (AL —g%) +éz (1—a) (g" + )]
These solutions imply that
dg* oc*
¢ >0 = 96, >0 and 967 > 0. (C.41)

From (C.1), (C.9), (C.13), (C.14), and (C.16) it follows that the variables L%, L}, (7/pa)”,
r* + (5K)*, (m/pa)” + (52)*, and (52)* can be expressed as functions of g* solely, where

81}*{ >0 for v="Lar+e& (n/pa) +e%, €7,

dg* | <0 for v=Ly,7/pa.

Hence, using the fact that dg*/0¢z > 0 [see (C.41)], we obtain

ov* | >0 for v=La, 7+l (n/pa) +e%,€7,
99z | <0 for v=Ly,7/pa.

From (C.41) and (C.2) it follows that

o(Y/K)"  dg* = Oc*
967 _3¢z+3¢>z>0‘ (C.42)

From (C.1)—(C.17) it follows that the variables 7*, p*, (z/Ly)", p%, (w/A)" can be expressed
as functions of (Y/K)* solely, where

ov* >0  for vV=7T,p,
O(Y/K)" | <0 for  v=a/Ly,pa,w/A.

Hence, using the fact that 9 (Y/K)" /0¢z > 0 [see (C.42)], we obtain

ovt | >0 for v=rDp,
99z | <0 for v=2a/Ly,ps,w/A.
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Equations (C.6), (C.8), and (C.18) imply that the variables *, 7*, and [K/ (K + paA)]" can
be expressed as functions of both ¢* and (Y/K)*, where

8U*<0 for v:xﬁL
89* b ’K—'—pAA’

ov* K
78(Y/K)*<0 for UZI’W’iK—l—pAA‘

Taking into account that dg*/d¢z > 0 and 9 (Y/K)" /d¢pz > 0, we obtain

W o g K
or v=o,7, .
0dz K +paA

The results derived above prove the validity of the assertions made in Proposition 3. B
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Supplement

D The decentralized equilibrium: further results

D.1 Derivation of Equation (32)

From the flow budget constraint of the representative household (1) it follows that
K=rK+wL+DZ—-C —pzZ.

Using i) the labor market equilibrium condition, L = Ly + Lg4, ii) the normalization of the
number of shares, Z = A (= Z = A), iii) the equilibrium condition of the market for blueprints,
pa = pz, and iv) the assumption that the operating profit of firms in the intermediate goods
sector is fully distributed in the form of dividends at any time ¢, D (t) = 7 (t), we obtain

K:TK+w(Ly+LA)—C+7TA—pAA.

Employing i) the equilibrium condition of the rental market of real capital, K = Ak, ii) the
fact that the identical operating profit of the firms in the intermediate goods sector is equal to
m = px — rk, and iii) the production function for blueprints of the representative firm in the
R&D sector, A = MLy, we get

K = rAk +wLy + wLa — C + (px —rk) A — paANALy
= ('LULY + Apac) - C - (pA)\ALA — wLA) .

Perfect competition in the R&D sector and in the final goods sector implies p WA —wLy =
PANAL 4 —wL g =0 and wLy + Apx =Y, such that

K=Y -C. (D.1)
Obviously, (D.1) is equivalent to (32) as given in the main text. W

D.2 Derivation of Equation (34)

Using that firms in the intermediate goods sector produce identical quantities in Equation (19)

implies that
A
Yﬂ—Lya/ﬁx“di_LﬁﬂAx“_(ALyfﬂWA@“. (D.2)
0

Taking into account that x; = k; for i € [0, A], we obtain k; = k for i € [0, A], where k = x.
From k = z and K = Ak it then follows that Az = Ak = K. Substituting this into (D.2) and
using L = Ly + L4, we obtain

Y = K*(ALy)"™ = K® [A(L — La)]"™°. (D.3)
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Using (D.3) and Y = K + C, we finally get

K Y C

K_K_K_L@—M K (D-4)

K (=)
T

Obviously, (D.4) is equivalent to (34) as given in the main text. W

D.3 Derivation of Equation (35)

Solving (28) for r and taking into account that L = Ly + L4, we obtain

K —(1—-a) K —(1—a)
_ 2 _ 2
r=a (ALy> « [A = LA):| . (D.5)

Substituting (D.5) into (15) yields

: ~(1-a)
gzas (C,x){@2 [A(LIiLAJ +eft (Caﬂvx,sbx)—p}' (D.6)

The differential equation (D.6) is identical to (35) as given in the main text. W

D.4 Derivation of Equation (37)

Taking into account that Z = A and p4 = pz hold in equilibrium, (6) implies

V=g K+ ¢zpzZ = ¢ K + ¢zpaA. (D.7)

Equation (26) and the labor market equilibrium condition (27) imply that

1w
pa = YA
The first order condition of the representative firm in the final goods sector with respect to the

choice of labor input (20) together with the labor market equilibrium condition (27) and the
fact thatz; = x for i € [0, A] holds, implies that

w:(l—a)/oA <E>adi:(1—a)A<li)a.

Using © = k and K = Ak, we obtain

z _k _ Ak K K (D.8)
Ly Ly ALy ALy A(L—Ly) '
The last three results imply
w K o
Z—(1— D.
S0 | (D.9)
and ) K o
-«
= . D.10
pa A [A (L— LA)} (D-10)
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Substituting (D.10) into (D.7) yields

(1 )\a) A [A (Lff LA)r‘ (D.11)

Obviously, (D.11) is equivalent to (37) as given in the main text. W

N =o¢rK + ¢z

D.5 Derivation of Equations (54) and (36)

Using p4 = pz and D (t) = 7 (t), we obtain from (11) that

T+EK(C7Q7X7¢K):i—i_%—i_‘gZ(C:Q:X’(ﬁZ)' <D12)
pA  pA
From (24) and (D.5) it follows that
— (1 _ Oé) a(1+a)/(1_a)r_a/(1_a)Ly — (1 _ a) Oé L ¢ Ly. (D‘lg)
A(L—La)
Using (D.13), (D.10), and L = Ly + L, we get
T — oMLy = a\(L — Ly). (D.14)

pa

Note that (D.14) equals (54) as given in the main text.
From (D.10) it follows that
pA K A LA

Z?AZQE_QZ+QL_LA'

(D.15)

Substituting (D.15) into (D.12) yields

LA:(L—LA){i [r+€K—<;+€Z>]—§+j}, (D.16)

where e = K (C,Q, x,¢x) and 2 = 2 (C,Q, x, ¢z). Substituting (D.5), (D.14), (34) [=
(D.4)], and (33) into (D.16), we obtain

. —(1-a)
LA:(LLA){(la)[A(L[iLM} +%+)\LA

. K (C,Q, x, oK) — €2 (C,Q, X, P ) } _

(07

~A(L —Ly) (D.17)

The differential equation (D.17) is identical to (36) as given in the main text. W

D.6 Derivation of (44) and (45)

The instantaneous utility function as given by (42),

u(C,S)zlle{[Cﬁh(S)re—l}, £>0, 0>0, 1+£(0—1)>0,
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where h (S) > 0 and b’ (S) > 0, and the ratio specification of the status function as given by
(43),
S(ULQ) =0 (QQ), ¢>0, ¢ <,

exhibit the following properties:

8“((9% S) _ g0ty (st 5, 2G5 ffg S) 800 ()]0 1 (5) > 0,
TS — e -1)ectD s <o,
S(,8) = (/) = (1) =x,
BOD _gm < e, BED ).

Evaluating the partial derivatives of the instantaneous utility function U at (C,S) = (C,x) =
(C,¢ (1)) and substituting the resulting expressions as well as the result for 9.5 (€2, ) /0 into
the definitions of 0¥ (C, x) and MRS (C, €, x) as given by (14) and (16), respectively, we obtain:

_ ou(Cy) [LPu(C)]T 1
7 (C0 =50 {C ac? } pE eI (D-18)
_ 0u(Cx)9S(2,0Q) [ou(Cx)] ! 1 (e(1)¢' (1) C
MRS (C.0.%) = =55~ g [ ac ] “t neq) Jao (P

Equation (D.18) implies that the symmetric effective elasticity of intertemporal substitution
under relative wealth preferences does not depend on C, i.e., do° (C,x) /OC = 0. From (D.19)
it follows that the symmetric marginal rate of substitution of status-relevant own wealth € for
consumption C, MRS (C, €, x), depends linearly on (C/Q):

MRS(C’QJ()ZUXQ, where 775§>0, Bzh/[i(l)]wl(l):h/(X)SO/(l)>0‘

Consequently, e and £Z depend linearly on (C/Q), too:
C
el = grn x =, and €7 = ¢zn %

The results given above prove the validity of (44) and (45). W

E The BGP — Existence, Uniqueness and its Dependence on

the Status Parameters

E.1 Existence and Uniqueness of the Steady State
E.1.1 Preliminaries

From (50) and (51) it follows that the steady state values ¢* and c*, where
c=C/K, (E.1)
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satisfy the equations

My (g*>6*777> ¢K7¢Z>Usap7 A>L7C‘5) =0, (E2)
M (g%, ¢*,m, éxc, 02,0, p A, Ly ) = 0, (E-3)
where
My =-(1- 0620'5) g +0% [a?+ 3 (1¢KZ) & —ap, (E.4)
Z — * k
P+ g (g* + )
1 _
My=(14a)g"+— |a®+ (K = 0z)n ¢ — AL. (E.5)
| PR A Gt W
AL — g*

We analyze the conditions for the existence of a unique, economically meaningful solution
(g%, c*). From (E.2)—(E.5) it follows that

g* =119 (nvgbK)gbZao-Sap?)\aLaa) )

ct =1I° (777 ¢K7 ¢Z,Js,p, AL, Oé) .

Moreover, we study the effects of changes in the status parameters n, ¢, and ¢z on ¢g* and c*.

For this reason, we will use a simplified general representation of the steady state values:

g* =1 (777 ¢K7 ¢Z) ) (EG)

ct =1 (777 ¢K7 ¢Z) : (E7)

These results are the starting point for a complete analysis of the properties of the BGP.

E.1.2 Special Case ¢z =0

First, we analyze the special case in which shares issued by entrants — in contrast to physical
capital used by incumbents — do not matter for status, i.e., ¢z = 0 and ¢x > 0. Setting ¢z =0
in (E.4) and (E.5) it is easily verified that both M; = 0 and My = 0 imply a linear relation

between c* and g*:
c’p+ (1—a?0") g*

Chnoo = TS (E.8)
. _a[AL - (14 a)g*]
c |M2:0 - 042 + n :

The graphical representation of these results in the (g*, ¢*)-plane (see Figure 1) exhibits the
following properties:
i) The straight line that corresponds to M; = 0 (henceforth, the M; = 0-line) is positively
sloped if and only if
1-a%%>0e 0% <1/a% (E.9)

In this paper we assume that (E.9) holds. Note that this assumption is quite weak. For instance,
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if a = 1/3, then 1/a? = 9.
ii) The straight line that corresponds to Ms = 0 (henceforth, the My = 0-line) is nega-
tively sloped. From L} = (AL —g*) /A > 0 and L% = ¢g*/A > 0 it follows that economically

meaningful rates of growth satisfy the condition
0<g" <AL (E.10)

In order to ensure that not only L3, > 0 and L% > 0, but also ¢* > 0 holds, we have to restrict

the analysis to situations in which
AL

0<g'<— (E.11)
a
holds. Assumption (E.11) is slightly stronger than assumption (E.10). However, we can easily
show that it is not at all restrictive. From L% = ¢*/\ > 0 it follows that condition (E.11) is
equivalent to
L - 1
L 1+a
Condition (E.12) requires that the labor input of the R&D sector is less than 100/ (1 + «)
percent of total labor input. From « € (0,1) it follows that 100/ (1 + «) > 50. For instance,
if & = 1/3, then 100/ (1 + «) = 75. Hence, condition (E.12) is not at all restrictive because

it allows for an unrealistically high employment share of the R&D sector and hence for an

0<

(E.12)

excessive growth rate.

FIGURE 1: ® =0
n,>MN,y

aALl
a’+m

-G°p oS(aAL—-p) AL g’
1-0’c® l+oo® I+a

Figure 1: BGP determination of ¢* and g* in case of ¢z = 0

To ensure that there exists an economically meaningful steady state, i.e., a point of intersec-
tion of the M; = 0-line and the My = 0-line in which ¢* > 0 and ¢* > 0 , we have to introduce
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a further assumption. Taking into account that

s
* _ o p

’ S i e

p

o =14 a2 n for g =0
(1+a)o’p+ (1—a?c®) AL ¢ . AL
or =
(1+a)(a®+n)o° Y T 1+a
AL
02[ for g =0
M>=0 0 i N AL
or g =
1+a

it can be verified at first glance from a graphical representation (see Figure 1) that this missing

assumption is given by
p all

<
a?+n a4

S all—p>0. (E.13)

Assumption (E.13) implies that the negatively sloped My = 0-line intersects the vertical axis
at a point that is above the point at which the positively sloped M; = 0-line intersects. At
g = AL/ (1 + «) the My = 0-line intersects the horizontal axis, while the M; = 0-line assumes
a strictly positive value.

The unique steady-state values that correspond to ¢z = 0 are given by

*:M c*:a[(l—OéQO'S) )\L—l—(l—l—a)GSP]' (E.14)

14+acs (1+ ac®) (a2 +1n)

E.1.3 General Case ¢z > 0

It can be shown by tedious calculations that M; = 0 implies the following quadratic equation:

Oy (C*)2 + Q"+ Qo = 0,

where
Dy =a?0%¢z(1—a), (E.15)
O =i (@2 +1) 0 (AL —g*) — ¢z (1 — a) [(1 - 2a%%) g* + 0], (E.16)
Qo =-[(1-0a%") g" + %] [px (AL — g*) + ¢z (1 —a)g"]. (E.17)

It is obvious that Q9 > 0. From (E.10) and (E.9) it follows that Qg < 0. Hence, it is clear that
the quadratic equation has a negative and a positive root. (The validity of this assertion is, for
instance, verified at first glance by a graphical representation of the quadratic equation). Since

only the positive root makes sense from an economic point of view, we obtain

-y + \/Q% — 4050

C*|M1:0 = 50,

(E.18)
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From (E.15)-(E.17) it follows that

QQ:QQ (¢Z7) >07 Ql :Ql (9*7¢K7¢Z7777'”)7 QOZQO (9*7¢K7¢Z7"') <0.

Hence, it is clear that
C*|M1:O :El (g*7¢Ka¢Zvna"') >07 (E].g)

where =! is defined as the right-hand side of (E.18). The graphical representation of (E.19) in
the (g%, ¢*)-plane will be called M; = O-curve.
In the special case in which physical capital is irrelevant for status (¢x = 0) and ¢z > 0,

we obtain the following linear relation between ¢* and ¢g* that is unaffected by changes in 7 or

bz
(1- a205) g +5)
a0’ '

C*|M1:O =

Hence, if ¢ = 0, then the M7 = O-line is positively sloped and its position depends neither on
7) nor on ¢z.

The analysis of the general case in which ¢x > 0 and ¢z > 0 holds, is much more compli-
cated. In order to derive the signs of the partial derivatives of (E.18) with respect to ¢*, ¢x, ¢z,
and 7 we can either differentiate (E.18) with respect to these variables and thereby taking into
account (E.15)—(E.17) or make use of the fact that

My (9*751 (9*7¢K7¢Z7n7“-) 7777¢K7¢Z) =0

holds and apply the implicit function theorem. It can be shown by tedious calculations that

oM (1-a%0%) - 1xdz (L= o)’ AL + ) 5 <0, (E.20)
dg* Ok (AL — g*) + ¢z (1 — a) (g% + ¢¥)]
a]\41 _ OzQO'S + 77¢K0'S ()‘L B g*) [d)K()‘L - g*) + ¢Z (1 _2a) g*] > 07 (E21)
dc* [0x (AL — g*) +¢z (1 — ) (9" + ¢*)]
oMy ¢ro®ct (AL — g*)
o o OL—g)r e -Gt " (5:22)
OMy _ n¢zo®(1—a)c* AL —g") (¢* + <) S, (E.23)
0ok [px (AL — g*) +¢z (1 — @) (g* + c*)]
6M1 _ 77¢K (1 B a) JSC* ()‘L - g*) (g* + C*) < 0. (E.24)

0%z [px (AL —g*)+¢z (1 —a) (g* + c*)]?

Using these results we obtain

oM, oM,
oc* _ 99" | —o o dc* o o | —o <0,
99" | vr,—o0 oM, oM | ar—o oM,

9c* |ay=o 9c* |a=o
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8]\41 8M1
o | 9K w=o g O 9970w
0ok My =0 OM, ’ 0dz Mi=0 oM,

dc* M;=0 dc* M;=0

The notation dM;/0w| M1, —o expresses the fact that the partial derivative of My with respect to
w is evaluated at (g%, c*,n, dr,dz) = (g*,El (9%, 0K, Oz,m,-..) , 1, gZ)K,gbZ). Hence, the My = 0-
curve is positively sloped. A rise in 1 or ¢ causes the M; = 0-curve to shift downwards, while
a rise in ¢z leads to an upward shift.

Next, we will discuss the properties of the My = O-curve. It can be shown that My = 0

implies the following quadratic equation:

Ay ()2 + A" + Mg =0, (E.25)
where
Ay =Pdy (1 —a), (E.26)
M = [0k = 62) (o® +1) = 620 (1= 20)] AL = g") + 2007 (1 —a)g",  (B.27)
Ao = —al¢px(AL—g") + ¢z (1 — ) g"] AL = (1 + @) g"]. (E-28)

It is obvious that Ay > 0. From (E.10) and (E.9) it follows that Ag < 0. Hence, it is clear
that the quadratic equation has a negative and a positive root. Since only the positive root is
economically meaningful we obtain

— Ay + /AT Z AN
LTV 220 (E.29)

C*|M2:0 e 2A2

From (E.26)—-(E.28) it follows that

A2:A2 (¢Z7) >O7 AIZAI (9*7¢K7¢Zﬂ77-~-)7 AO:AU (9*7¢K7¢Z7"') < 0.

Hence, it is clear that
Hagymo = 29" 05, 62,1, ) > 0, (E.30)

where Z2 is defined as the right-hand side of (E.29). The graphical representation of (E.30) in
the (g%, ¢*)-plane will be called Ma = O-curve.
In the special case in which ¢ = ¢z (see Figure 2) we obtain the following linear relation

between c* and g*:
AL - (14+«)g*
" .

c*\MFO = (E.31)

Obviously, the My = 0-line is negatively sloped and its position does not depend on 7. The
M>s = 0-line intersects the positively sloped M; = O-curve at

. oS (a+n)AL —p] . (1=a20”) AL+ (1+a)o%p
T1toatn(l+a)l ¢ T alltoSfatn(+a)}

g (E.32)

20



) FIGURE 2: ®,=0,
n,>MNy

AL g’
1+a

Figure 2: BGP determination of ¢* and g* in case of ¢z = ¢k

In the general case in which ¢x # ¢z holds, the analysis of the Ms = 0-curve is much more

complicated. To derive the signs of the partial derivatives of (E.30), ¢*|;;,_q = E2 (g%, o, 07,1, -

with respect to ¢*, ¢k, ¢z, and n we can either differentiate (E.29) with respect to these vari-
ables and thereby taking into account (E.26)—(E.28) or make use of the fact that

M, (g%, 2% (¢*, K, 7,1, ) 1, Ok, bz) =0

holds and apply the implicit function theorem. It can be shown by tedious calculations that

oMy o) (oK —¢z)dz (1 —a) (AL +c7)c”
7 P PRV e S Y pra (5:33)
OMy _  n(ox —62) AL —g) [ ML = g") + 6z (1= ) g' (B34
dc* alpx (AL —g*) + ¢z (1 —a) (g% + ¢*)] ’
oMy (P — ¢z) " (AL — g")
n " alor OL—g) 1671 —a) (g T (E.35)
OMy _n¢z¢" AL = g")[AL—g" )+ (1 - ) (g"+ )] _ (F.36)
0o alpx (AL — g*) +dz (1 — a) (g* + c*))? ’
OM; _ noxc" AL =g") (AL —g)+(1=a)(g"+c)] _ (E.37)
0z alpr (AL — g*) +¢7 (1 — a) (g* + ¢*)]?
It is easily verified that
_ n(¢x — ¢z) (AL — g*) _aAL—(1+a)g" —ac’
Me=0% L) T or (Lol 7o) = - B

o1
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Using this result we obtain

OM; _ 970 (1 =) () +[ox(AL — g*) +62 (1 —a) g'] AL — (1 +a) g°]
I |ary—o (o (AL — g*) +¢z (1 — ) (g* + )] '

(E.39)

The notation 0Ms/0w| M,—o expresses the fact that the partial derivative of My with respect to

w is evaluated at (g%, c¢*,n, dx,dz) = (g*, 22 (g%, K, 07,1, ...) s 1, P, qﬁz). This transformation

shows that
OM,

>0
oc* My=0

regardless of whether ¢z < ¢ or ¢z > ¢x holds.
The properties of the My = 0-curve are given by the following partial derivatives of ¢*| My=0 =
Z2 (9", 0K, 2,1, --):

OM,
ac*‘ _ W o [ O I
ag* Ms=0 aMZ ag* Ma=0 ag* My—0 ’
oc* Ma—0
oMy
oc* on Ma=0 e oM,
= ———F—"—— = Sgn = —Sson ___“ — —son _ 7
877 ‘MQZO 8M2 g 877 My0 g 877 Ma0 g (¢K ¢Z)
oc* M0
on oMy
o S 7 il I A LA
8¢K M>=0 8M2 ’ 8¢Z Mao % .
oc* May=0 Oe* My=0

A rise in ¢z causes the My = O-curve to shift upwards, while a rise in ¢k leads to a downward
shift. A rise in 7 causes the My = O-curve to shift downwards if ¢ > ¢z, while an upward
shift obtains if ¢ < ¢z.

With respect to the slope of the My = 0-curve things are more complicated. The My = 0-
curve is negatively sloped if and only if 0Ms/dg*(;;,—q > 0. From (E.33) it follows that
bz > ¢x is sufficient for IM2/0g*|,;,_o > 0. Moreover, it is obvious that dM2/9g* |y, _o > 0
also holds for ¢z < ¢i as long as 7 is sufficiently small. Unfortunately, we were not able to
give an analytical proof that this property also holds for “large” values of 1. We tried several
illustrations. Irrespective of the magnitude of 7 we obtained a negatively sloped My = O-curve.
Figure 3 supports the general validity of this result. In Figure 3 we depicted the My = 0O-curves
that correspond to the special cases ¢z =0 and ¢z = ¢px > 0 [see (E.8) and (E.31)]:

a[AL - (14 «a)g*]
a2+77

I My=00,=0 =

)

AL — (14 a)g*

* —
¢ |M2:0%¢Z:¢K - a
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Both curves intersect the horizontal axis at ¢* = AL/ (1 + «). Since

a2

* _ *
=020 = o2 € |ao=0:67 =0

holds, the My = 0-curve that corresponds to ¢z = 0 is flatter than its ¢z = ¢x-counterpart.
From 0c*/0¢z|pp,—g > 0 it follows that if 0 < ¢z < ¢k, then the resulting My = 0]g_y, 4, -

curve (dashed line) lies above the My = 0[,,_,-curve and below the My = 0|, __, -curve.

. FIGURE 3

M2=0|(Dz:q)1<

AL g’
1+a

Figure 3: BGP determination of ¢* and ¢g* in the general case

Figures 1-3 might give the erroneous impression that the My = 0-curve always intersects
the horizontal axis at ¢g* = AL/ (14 «). This property is true for 0 < ¢z < ¢x, but might
cease to be valid if ¢z > ¢k holds provided that n is sufficiently large. More specifically, for
the limiting case ¢g* — AL/ (1 4+ «) we obtain

all
1+«

A()%O, A1*>

(6K — ¢2) (o® + 1) + agz]

so that the quadratic equation (E.25) simplifies to

all
1+«

o’z (1—a) ()’ + (95 — d2) (® + 1) + agz] ¢ = 0.

Solving for ¢* we obtain the following two roots:

(¢ — ¢z) (& + 1) + adz] alL
14+ a)a2¢z (1 —a) ’

=0, cF=—
The economically meaningful solution of the quadratic equation (E.25) exhibits the property
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that ¢* > 0 holds for ¢* < AL/(1+ «), and that ¢* converges to a nonnegative value for
9" — AL/ (1 + «). This, in turn, implies that the function (E.29) has the following properties:

0 for 0> 0,

lim g =
g* AL/ (1+e) ’M2_0 _ [(¢K - ¢z) (0‘2 + 77) + O‘(bz] arl >0 for <0
(1+a)a?gz (1 —a) ’

where

O = (¢x — ¢z) (&® + 1) + agz.
Hence, if

OK (042 + 77)
1— d _
n>a(l—a) an ¢Z>17—0¢(1—a)

hold, then ©< 0 so that the Ms = 0O-curve does not intersect the horizontal axis at ¢* =
AL/ (14 «).

The main message of the considerations made above can be expressed as follows: If the
positively sloped M; = 0O-curve and the negatively sloped My = O-curve intersect, then the
point of intersection is the unique steady state. In other words, if a steady state exists, then it
is unique.

E.2 The effect of changes in n and ¢

E.2.1 The effect of changes in 7 in the special cases ¢z =0 and ¢z = ¢

Special case ¢z = 0: The steady-state values g* and ¢* are given by (E.14),

., 0% (aAL—p) C*_a[(l—a203) AL + (14 a)o®p]
- 1+4a0S B (1+ ac®) (a? + 1)

It is obvious that a rise in the status parameter 7 causes ¢* to decrease, but leaves g* unchanged:

g* 0 8c*__a[(l—aQUS)AL—i—(l—i—oz)USp] “0
’ on (1+ aod) (a2 + n)? '

In graphical terms (see Figure 1), a rise in 7 (from 71 to 12) causes the negatively sloped My = 0-
line to rotate counterclockwise and the positively sloped M; = 0-line to rotate clockwise around
the corresponding points of intersection with the horizontal axis. The rotating M; = 0- and
Ms = 0O-lines always intersect at the same growth rate ¢g* irrespective of the magnitude of
the status parameter 7. The effects of changes in n on the steady-state values of the other
endogenous variables is summarized in Proposition 2.

Special case ¢z = ¢x: The steady-state values g* and ¢* are given by (E.32),

. *lla+mAL—g . (1=a%S) AL+ (1+0) 0%
T TioSlatn(ta)l C T a{ltotfatn(+a)}

Assumption (E.13) ensures that ¢* > 0. Assumption (E.9) is sufficient for ¢* > 0. According to

(C.22) a rise in the status parameter 7 causes ¢g* to increase and ¢* to decrease. The validity
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of this result is easily confirmed by the graphical analysis (see Figure 2). A rise in n (from n;
to 72) causes the positively sloped M; = O-curve to shift downwards, while the position of the
negatively sloped My = 0-line remains unchanged. Consequently, g* rises, while ¢* falls. The
effects of changes in 77 on the steady-state values of the other endogenous variables is summarized

in Proposition 1.

E.2.2 The effects of changes in n and ¢z in the general case ¢z > 0

The solutions (E.6) and (E.7), ¢* =119 (n, ¢k, ¢z) and ¢* =11 (n, ¢k, ¢z), satisty (E.2)—(E.5)
so that

Ml (Hg (na¢K7¢Z> 7HC (777 ¢K7¢Z) » T ¢K7¢Z) - 07

M2 (Hg (U7¢K7¢Z) )HC (777 ¢K7¢Z) s 1, ¢K7¢Z) = 0.

It is obvious that the partial derivatives are determined by the following system of equations:

8M1 3g* (9M1 oc* 8M1
dg* Ovar  Oc* Ovar  Ovar

:07 UC”":777¢Ka¢Z,

8M2 (‘)g* 8M2 oc* 8M2
dg* Ovar  Oc* Ovar  Ovar

:07 UC”":777¢Ka¢Z-

Please note that the partial derivatives of M; and M, are evaluated at (¢g*,c¢*,n, ¢k, dz) =
(119 (n, ¢r, b2) , 11 (n, oK, &2) 1, b, Pz). In other words, we consider the following expres-
sions: GMj/8w|M1:M2:O, w= g% c* n, ¢k, and ¢z. Solving for dg*/Ovar and dc*/dvar we

obtain dg* 1 (OMyOM, M, OM
g _* 2 1 1 2 ’ (E.40)
Ovar W \ Oc* Ovar oc* dvar
e _ 1 _GMQ oMy,  OM; OM, ’ (E.41)
Ovar WV dg* dvar  Og* OJvar
where oMy OMy  OM, OM:
p=12 1272 (E.42)

dc* dg*  dg* Oc*
The partial derivatives of My and My are given by (E.20)—(E.24) and (E.33)—(E.37). Recall
that in (E.40), (E.41), and (E.42) these partial derivatives of M; and M, are evaluated at

(9*70*,777@(,@252) = (Hg (777 ¢K7¢Z) , 1 (777¢K1¢Z) 1 ¢K7¢Z)'
It follows from (E.20), (E.21), and (E.39) that

8M1 8M1 aMZ
0 0
dg* <5 Oc* =5 Oc*

>0 (E.43)

hold at the steady state. From (E.33) it is obvious that

OM,

>
bz > ok = g

> 0. (E.44)

Using (E.42)—(E.44) we obtain
¢z > ok = ¥ > 0. (E.45)
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In order to determine the sign of ¥ for the case ¢z < ¢ we make use of the fact that ¥ can

be expressed as

n [qﬁK (1 + aas) — ¢z (1 — QQUS)] (AL — g*) [0 (AL — g*) + ¢z (1 — a) g*]
a[px (AL —g*) + 6z (1 —a) (¢* + )]

n¢% (1 —a)a?ec* (AL + c*)

\I/:

e O — ) 402 (1~ ) (g + P (40
Equation (E.46) implies that
¢z < ox = ¢ (1+ac®) — ¢z (1 —a%e®) > 0=V > 0. (E.47)
From (E.45) and (E.47) it follows that
U>0  for gy > 0. (E.48)

The effects of changes in ¢z on the steady state are summarized in Proposition 3. The effects
of changes in 1 on the BGP are described by the following proposition that is not included in

the main text.

Proposition 4. If ¢z > 0, then changes in the intensity of the quest for status as measured by
the parameter n affect the BGP as follows:

dg*
ol
av 0 fOT U:LA)EK,5Z7T+8K77+5Z’
on "
vt C 7«
o <0 for U_LY’?’F’
" [8(6(:9/7]}()} = —sgn [¢r (1+ aJS) — ¢z (1- 0(205)] ’
ov* .
Sgn<(977> = Tegn [¢K (1+OéUS) —¢Z] for V=,
sgn ov* = sgn [6x (1 + a0®) — 6] for T W
! 377 - " d _LyapAaAa

OIK/ (K +pad)’

Proof: Substitution of (E.20), (E.21), (E.22), (E.33), (E.34), and (E.35) into (E.40) and
(E.41) yields

> = sgn(dx — ¢z).

dg* 1 dzacc* (AL — g*)
o Uox AL —g*)+oz (1 —a)(g-+c) (E.49)
ot _ 1 [ox(1+00%) =67 (1= a?0%)] o AL — g°) (E.50)

O VU alpg (AL —g*)+dz (1 —a) (g" + )]
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Using the last two equations and (C.2) we obtain

d(Y/K)* _ dg*  Oc* _ 1 [0k (14 ac®) — ¢z] ¢* (AL — g*)
an on I U alpr (AL —g*)+dz (1 —a)(g* +c*)]

(E.51)

From (E.49), (E.50), and (E.51) it follows that

%9 >0 for oz > 0,

an
son (2 = - 1+ a0%) — ¢z (1 - a20°
on an ) = sgn[gbK( —|—a0) QSZ( aa)],

sgn [8(1/8/;()*] = —sgn [ngK (1 + aaS) — qbz] .

The last results together with (C.1)—(C.17) imply that

oLy 1o0g® 1 pzacSc* (AL — g*) 50
O A0n  UA[px (AL —g*)+dz (1—a) (g +c*)]
oLy oLy 1 ¢za0”c* (AL — g*) <0
on o WXk (AL—g*)+oz (1 —a)(g"+c*)]
ot _ LO0(Y/K) | la (9K (1 +a0®) —¢z] ¢ (AL — g*)
on on U ¢g (AL — g*) +¢z (1 —a) (¢* +¢*)’
opr _ O(Y/K) _ 1 [0k (14 ac®) — ¢z] ¢* (AL — g*)
on on U og (AL —g*)+dz (1 —a) (9" +c*)’
d(x/Ly)* 1 Y\ E) gy K
an __10[<K)] on
d(m/pa)"  Og*
T = —048777 < O,
oty a (YN oy k)
o A KK) ] on
o(w/4)  [(Y\ VY av/K)
og KK) } on
O+ (@] 100 1 spac(log)
an 0%y Work (AL—g*) 4oz (1—a)(g-+c) "
9 [(m/pa)* + (7)7] _logm 1 ¢zac” (AL —g7) >0
on o 0n  Voér (AL —g*)+oz(1—a)(g"+c*) 7
d(eX)" 1 o _a20<Y/K)* 1 ¢k (1+a0%)ac (AL —g") 0
on o on o Vogk (AL —g")+dz(1—a)(gr+c)
8(52)* _ 1+a03%_l oz (1+aas)ac*(>\L—g*)
on 0% O Vog (AL —g*)+oz (1 —a)(g* + )

To determine the effects of changes in i on the wealth share of physical capital [K/ (K + paA)]*
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we use (C.2), (C.18), (E.49), and (E.51):

1-« <Y>*Og* 1—-a 90(Y/K)*
O[K/(K+pad)” _ (ML—g")*\K) 9n A.—g* n

an - L, l-a (Y 12
AL —g* \ K

1 (1-a)¢ (AL—g)
VAL g+ (L—a) (e + )P

{[(Z)K (1 + aas) - qzﬁz] (AL — g*) — ¢pza’0” (¢* + g*)}
alprx (AL — g*) +éz (1 — ) (g* + c*)]

(E.52)

Since this representation of the result is not very informative, we rewrite it. Since the steady
state values ¢* and c¢* satisfy both M; = 0 and My = 0, where M; and M are defined by

(E.4) and (E.5), the following equations can be easily derived for n > 0, ¢x > 0, ¢z > 0, and
bz # Ok

c* B (1 — a2as) g —a2oSc* + 0%
1— S ’
Px +¢§L( - gf) (9% + ) noKe
c* _aAL - (14 a)g" — ac’]
T = — .

From (C.2) and (C.12) it follows that the identical left-hand sides of these two equations equal

(C/)*. Using the fact that the right-hand sides have to be identical, too, we obtain the
following relations:

. _ = [px (1+ ac®) — ¢z (1 - a?0%)] g* + adro AL — (¢ — ¢z) op

E.
c o705, , (E.53)

C*+g*:

— [px (1 + ac®) = ¢z] ¢* + adraSA\L — (b — ¢z) 75p

= (E.54)

If ¢z = ¢ > 0 holds, then My = 0 implies that

AL — (1 * AL —g*
o ( +a)g’ gt = 9
« «
If ¢ = 0, then it follows from M; = 0 that
._ (1—a%®) g +0% e g+
¢ = 555 O Tg =T s
a“o oo

These results show that (E.53) and (E.54) also hold for ¢x = 0 and ¢z = ¢x > 0. Using
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(E.54), Equation (E.52) can be rewritten as

K/ (K +pad)]” _ 1 (ox — ¢z) (1 — o)

an VAL - g* + (1 —a) (¢ + g*)]

¢t (AL — g*) (AL +0®p)

R OL—g) tor (=) (g ¥ ) (E.55)
It is obvious that 01/ (K "
sgn( e ) ) — s (6K — 62). (E.56)

To determine the effects of changes in 7 on the average propensity to consume (C/Y)*, we
use (C.2), (C.12), (E.49), and (E.51):

WO — w2 |5 (36) - e 2]

_l{[%{ (1 + aas) — qbz} g* + ¢zalc® (¢ —|—g*)}c* (AL — g*)

. (E.57
Voo afpr (AL = g*) +éz (1-a) (g* + )] (¢* + g)? (=20

Using (E.54), Equation (E.57) can be rewritten as
oC)Y) _ 1 [¢xo®(aAL—p)+¢z0%p] "M —g") (E.58)

n Valpx (AL — g*) +¢z (1 — @) (g* + )] (c* + g*)?

Note that Assumption (E.13), aAL — p > 0, is sufficient for the positive sign of the numerator
so that 9 (C/Y)* /On < 0 holds. Equation (E.58), in turn, implies that the average propensity
to save depends positively on 7:

- (/)] 1 [pro® (aAL — p) + ¢z0°p] ¢* (AL — g*)

n C Valpr (AL —g) +éz (1 —a) (" + )] (¢* + )’

The results given above can be summarized as follows:

— >0 for v:g,LA,sK,SZ,ersK,l—l—sZ,
on pa
ov* C =
f = -, —
an <0 or v Y’Y’pA’
S A 1 Sy _ 1— o265
on an )~ sgn [(bK( + ao ) gbz( a‘c )],
81}* S Y
sgn<8n> = —sgn [qbK (1+a0 )—gf)z] for V=D
sgn ov” = sgn [gbK (l—i—aas) —qﬁz] for v= 2 DA v
877 L ) ’A,
0K/ (K +pasA
Sgn< £/ an pad) >=Sgn(¢K—¢Z) u
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F The stability properties of the steady state

F.1 The derivation of the Jacobian and the conditions for saddlepoint sta-
bility

The dynamic evolution of the variables K, C, A, and L4 is governed by the four differential

equations (33), (34), (46), (47), where C'/2 is given by (38). For convenience, we restate these

equations here:

A
— =L Fi1
1 = Ma (F.1)
LS U SR (F.2)
K |A(L-Ly) K’ ‘
C s K —(1=e) C
c ¢ {04 [A(L—LA)] + ¢K775 P (F.3)
: K —(me) o (¢ —¢z)nC
(F.4)
with
C
¢ _ K
Q= . % ) (F.5)
oK O T [A(L—LA)}
Introducing the definitions
C A
c= ?a a = ?7 (F6)

we obtain

K 7(170[) 1 1
- — —Q L _ L —Q
LA)] a A) Y,

C
o+ bz (1—a)Alal= (L — La)™*

21Q

Using the last two equations, the differential equations (F.2)—(F.4) can be written as follows:

K

an al"(L— L)' -, (F.7)
Q _ S| 2 1—ap _ JReY KM _
o= [a a “(L—-La) "+ or oz (L) A lal-a (L L) ® p} , (F.8)

fa=(L—La) {_ (1—a)a'™® (L — La)'"® +2\La — AL

(¢K - (252) T]a_l .
i |:1 " ¢K + (bZ (1 — Oé) A_lal—a (L _ LA)—oc:| } . (Fg)
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Substituting (F.1), (F.7), and (F.8) into

- C K
c_x_ 2 and ¢ _
a

¢c C K

N
=

yields the following differential equations for ¢ and a:
c=c {— (1-0%?)a' (L - Lot

oo s }
i [1 i o + oz (1—a)\lal— (L — LA)_Q} C—a p¢r, (F.10)

d:a[)\LA—al_o‘ (L—LA)I—“H}. (F.11)

The differential equations (F.10), (F.9), and (F.11) have the following general form:
¢=¢(c,La,a), LA:LA(C,LA,CL), a=a(c,La,a).
The steady-state values c*, L7, and a* satisfy the following equations:
0=¢(c*, LY, a"), O:LA(C*,L*A,a*), 0=al(c, LY, a").

To discuss the stability properties of the steady state, we have to calculate the Jacobian

0c oe 0
dc 0Ly Oa

milp M2 Mi3 . . .
OLy OLs OLgy
Oc 0Ly Oa

<
[
3

ma2 Ma23
m31 M3z M33

oa oa oa

dc OLa  Oa /e, a)=(c*\L5a)

The characteristic polynomial of the Jacobian M is given by

0 = 2°— trace(M)z?
+ (m11mag — miamar + mi1mas — M13M31 + MaaM3z — Ma3M32) 2
—det (M), (F.12)
where
trace (M) = my1 + maa + mas, (F.13)
det (M) = M11M22M33 — M11M23M32 + M12M23M31
—M12M21M33 + M13M21M32 — M13M22M31. (F.14)

It is well known that the roots of the characteristic polynomial z1, 29, and z3 satisfy the following
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equations:

trace (M) = z1 + 23 + 29, (F.15)
det (M) = z12923. (F.16)

Since the system of the three differential equations involves two jump variables (¢ = C/K
and L,4) and one state variable (a = A/K), the steady state (¢*, L%, a*) exhibits saddlepoint
stability if one of the three roots is a negative real number, while the two other roots are either
positive real numbers or complex numbers with positive real parts. From (F.15) and (F.16) it

follows that a sufficient (but not necessary) condition for saddlepoint stability is given by
det (M) <0 and trace (M) > 0. (F.17)

Proof: i) If all three roots are real numbers, then the condition det (M) = 212923 < 0 implies
either that one root is strictly negative, while the other two roots are strictly positive (21 < 0,
z9 > 0, and z3 > 0) or that all three roots are strictly negative (21 < 0, 22 < 0, and z3 < 0).
Obviously, the condition trace(IM) = 21 + 23 + z2 > 0 rules out the latter case. ii) If only one
out of the three roots is real, while the two other roots are a complex number zo = d1 + ot
and its complex conjugate z3 = §; — d2i, d2 # 0, then the condition det (M) = z; (5% + (5%) <0
implies that the real number is strictly negative (z; < 0), while the real part of the complex
number and its complex conjugate, Re(z2) = Re(z3) = 1, may be of either sign. In this case,
the condition trace(M) = z; + 20; > 0 rules out that Re(z2) = Re(z3) = 91 < 0. iii) From i)
and ii) it follows that if the condition “det (M) < 0 and trace(IM) > 0” is satisfied, then one of
the three roots is a negative real number (z; < 0), while the two other roots are either positive
real numbers (z2 > 0 and z3 > 0) or a complex number zy = §1 4 d2i and its complex conjugate
z3 = 01 — 0921, with Re(z2) = Re(z3) = d; > 0. This, in turn, implies that “det (M) < 0 and
trace(M) > 0” is a sufficient condition for saddlepoint stability. B

The stable arm of the linearized system is given by

c(t) c* el
La(t) | = Ly | +D1| ea |,
a(t) a* 1

where (e11, €21, 1)T denotes an eigenvector of the Jacobian M that corresponds to the eigenvalue
z1 < 0, and where D; is an undetermined coefficient. From the initial condition a (0) = ag =
A(0) /K (0) it follows that Di = ag — a™.

The eigenvector (e11, €21, l)T satisfies the following system of equations expressed in matrix

form:
mi1 Miz2 Mi3 €11 €11
ma21 22 M23 €21 =2 €21
m3; M3z M33 1 1
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Simple transformations yield the following three equations for the determination of two variables:

(m11 — 2z1) e11 + migear = —my3,
maierl + (maog — 21) €21 = —ma3,
mgie11 + msgear = — (mgz — 21).

There exists a unique solution for e;; and eo; that can be expressed in three equivalent ways:

—ma3 (mag — 21) + Mmi2ma3

ey =
(m11 — 21) (M22 — 21) — M12maoy
_ mag (maz — z1) — magmsp
(m11 — z1) m3a — miams;
_ Magmag — (mag — 21) (M33 — 21)
(mag — 21) m31 — Ma1m32
. —ma3 (M11 — 21) +mi13ma;
e =

(mi1 — z1) (Mo — 21) — miamay

mi3ma3a1 — (mll — Zl) (m33 - Zl)
(mll - Zl) m32 — Mmi12Mms3i

(mgs — 2z1) ma1 — magmas;
(mag — 21) m31 — ma1msa

The stable arm exhibits the following properties:
a(t) —a* = (ag — a*) e*,

c(t) =" = (ap — a*) ene®’ =en fa(t) — a’],
La(t)— L% = (ap — a*) ea1e™! = e9y [a (t) — a¥].

The last three equations imply that

e
e(t) = ¢ == [La(t) - Li).
€21
This equation describes the comovement of L4 (¢) and ¢ (¢) during the transitional dynamics.
By tedious calculations it can be shown that the elements of the Jacobian are given by the

following expressions:

oS Prn o
o + oz (1—a) At (@)™ (L-Ly) "]

mi1 = 1+
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mi2

mi3

(1-a)e (@) " (L—L5) " x

norpzacSAe*

x ¢ (1= O'Sa2) (L—L%) —

[¢K + oz (1—a) AL (a) ™ (L— L) a]

—(1—a)c (a*) " *(L—-L%) “x

nordz (1—a)o A tet

2

I

x{ (1-0%a?) (L—L%) + |
[d)K + ¢z (1 —a)Xt (a*)l—a (L _ le)_a]

(px — dz)no
b+ ¢z (1—a) AL (@) " (L—-L%) "

mglz(L—LZ) 1+

)

moy = (L —L%) [(1 — 04)2 (a*)lfa (L— L) "+ 2/\]
o (¢K - ¢Z) ¢Z’I7 (1 — a) )\_10* (a*)lff" (L _ LZ)*&
2 9
[tz (1 - ) A (@)™ (L— 1) ]
may = = (1= a) (@) (L - L)

(61— ) Gma (1= ) Ae* (a) " (L — L)'
2
[¢K+¢Z (1 — a) P! (a*)l—a (L _ LZ),D[}

)

m3 = a”,
maz = a* A+ (1= a) (@) (L= L3) ]|
mag = — (1= a) ()™ (L= L)'

From (50) and (51) or (E.2)-(E.5) it follows that the steady state values ¢g* and ¢* = (C/K)*

satisfy the equations:

¢K7] C*:O'S
(Z)Z(l_a) p?
AL — g*

—(1-a?0®) g"+0° |a® +

(F.18)

O+ (g* + c*)

1
(I+a)g +— a* +

(6K — dz)n

dr+

oz (1 —a)

VA (9" +c)

¢t = M\L.

(F.19)

Since this system of equations determines only the steady state values g* and c¢*, it will be useful
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to express the elements of the Jacobian not as functions of ¢*, L%, and a*, but as functions of

g* and ¢* only. According to (F.11), the equation 0 = & (c*, L%, a*) implies that
() 77 (L — L)' = ALY, + ¢
From the steady-state version of (F.1) it follows that
g = (A/A)* — ALY,
Using the last two equations we obtain the following representations for L% and a*:
=%,

*

A
)\(g* + C*)l/(lfa)
AL — g* )

Using the last two equations, the elements of the Jacobian can be rewritten as:

_ O’Sd)Kn()\L_g*) :| *
e [” o (AL —g7) + oz (1—a) (g +¢)]
- (I —a)Ac"(g" +¢) {1 52 npKpzac’c* (AL — g*) 2}
AL —g* [6x (AL — g*) + ¢z (1 — a) (¢* + c*)]
mi3 = —(1 —a) L —g) {1 — oo+ N9 ¢z (1 —a)o®c* (AL — g*) 2}
)\(g*+c*)a/(1 a) [0 AL — g*) + ¢z (1 — ) (g* + ¢*)]

[1 n (9K — ¢z)na”' (AL — g¥) ] 7

¢ (AL — g*) + ¢z (1 — a) (¢* + ¢*)

(b —dz) pzn (1 — ) (¢* + ") (AL — g7)
(6K (AL — g%) + ¢z (1 — ) (g* + c*)]
GL- gy {(1 oy (= én) o (1= e OL— ) }

X2 (g* + c*)/ (=) (6K (AL — g*) + ¢z (1 — a) (g* + )]

)\(g* + C*)l/(l—a)
AL — g* ’

moy =(1—a) (¢ +¢)+2(\L — g*) —

ma3 = —

m31 =

)2 (g* +C*)1/(1—a)
(AL — g*)?

m33 = —(1—a)(g"+c).

mgy = (AL =g+ (1 —a)(g" + )],
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Using these expressions it can be shown by tedious calculations that

trace(M) = ¢"+2(AL—g")—(1—a)a(g"+ ")
¢xnoc” (AL — g*)
¢ (AL — g*) +¢z (1 — a) (¢* + ¢*)

bz (97 — dx)n (1l —a)c (AL —g*) (g* +c")
(65 (AL — g*) +¢7 (1 — @) (g + )]

_|_

det(M) = —(1—a)c"(¢"+¢c)(AL—g") x

[(1+ a0®) ¢x — (1 — a?0®) ¢z n (AL — g*)
alpx (AL —g*) + ¢z (1 —a) (g% +c*)]
B dzn (1 — a) ok (1 + 0405) (AL — g*%)
alpx (AL — g*) + ¢z (1 — a) (g* + ¢*)]
% (1 —a)c* [(AL — g*) + a0’ (g* + ¢*)] }
alpx (AL — g*) + ¢z (1 — a) (g* + c*)]°

X {a(1+aas) +

Using (E.54),

—[px (14 a0®) — ¢7] 6" + adroSA\L — (px — ¢2) 75p

c+g = 205, )
the last equation can be rewritten as
det(M) = —(1—a)c"(¢"+¢)(AL—g") x

(14 ac®) ¢k — (1 - a0%) ¢z n(AL — g*)
alpr (AL —g*) + ¢z (1 — a) (¢* + c*)]

X {a(1+aas) +

(6 — d2) dzm (1 — ) c* (AL + 0% p) }
alpr AL —g*) 4+ ¢z (1 —a) (g + ) |

For the two special cases ¢ = ¢z on the one hand and ¢z = 0, ¢ > 0 on the other hand,
the saddlepoint stability of the steady state can be shown analytically. The stability analysis

of the remaining cases requires the use of numerical calculations.

F.2 The special case ¢ = ¢z

From Proposition 1 it follows that if ¢ = ¢z, then the steady state values g* and ¢* are given
by

. 0%+ AL - p]
1+oa+n(l+a)
L _AL—(1+a)g" _ (1-0a%%) AL+ (1+a)c%

©= a - a{l+oa+n(1+a)}

g
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The last equation implies that
gt =a (AL -g").

Using these results, the expressions for the elements of the Jacobian in the special case ¢ = ¢z

can be written as:
*

mi1 = (1 +77aUS)C s

- (1—a)Ac* [1 o542 17043050*}

o AL — g*
(1 _ Oé) o0/ (1—a) % ()\L _ g*)(1—2a)/(1—a) . 77(1 _ Oé) a2aSc
= — 1-—
mi3 \ o a” + N — g )
o — AL — g*
21 — \ )
1+ a? .
may = (AL —g%),

(1— a)2 /(1) (AL — g*)(2—3a)/(1—a)

ma3 = —

22 ’
S )\(}\L_g*)a/(lfa)
3L al/(1=0a) ’
N (AL - g/
M2 =" G-a)/i-a)
1—«a)(\L —g*
s — ( ) ( 9)

(0}

These expressions imply that
trace (M) = (1 +nao®) ¢* + (1 + @) (AL — g%),
det (M) = — (1 —a) [(1 +ac®) +n (1 +a)c”] ¢ (AL — g*)*.

Taking into account that AL —g* = A (L — L% ) = AL}, > 0, it is obvious that trace(M) > 0 and
det (M) < 0. Hence, the sufficient condition for the saddlepoint stability of the steady state
(c*, L%, a*) given by (F.17) is satisfied.

F.3 The special case ¢, =0 and ¢ > 0

From Proposition 2 or the equations given in (E.14) it follows that

* O'S(Oé)\L—,O)
14 a0d

o aAL-(1+a)g"] « [(1—@205) )\L—i—(l—l—a)asp]
N a? 41 N (1+ac®) (a? +n) ‘
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These two results imply that

.+ _aAL—(a—n)g"  (1+no®)aAL+(a—n)cp

CrY T T2y (@tmtard)
AL + o%p
N —qgf="—"—"-——.
g 1+ ao®

Using the results given above, the elements of the Jacobian corresponding to the special case

¢z =0 and ¢x > 0 can be expressed as follows:
my = (1+ nJS) c*,

(1-0%a?%) (1—a)Ac* (¢* +¢*)

mig = )
12 =g
(1—0%?) (1 —a)Ac* (g* + c*)
mi2 = ’
12 AL — g*
(1-0%?%) (1—a)c* (AL —g*)
mi3 = — )
)\(g* +C*)O¢/(1*Ol)
a+mn x
- AL —
ma1 =~ ( 9,
mas = (1-a)*(¢" + ) +2(\L - ¢*),
AL — g*)?
mo3 = — ( g)l,a) (1—a)?,

22 (g* + C*)a/(

)\(g* + C*)l/(l—a)
AL — g* ’

m31 =

2 (gt 1 oy 1/(1-a)
mp = 2 0L = g7+ (-0 (57 4]

mg3 = —(1—a)(g"+c").

It can be shown that

{a[(1-a?0%)+a(l+a)] +n[(1+ac®) (1-a?0) +1+ 30|} AL

trace (M) = 1+ a0 (a2 + 1)
{4a2+(1—04)204—1—77[2—1—04(1—a)—i—aSa(l—i—a)]}aSp
* 1+ ac®) (a2 1 1) ’

det(M) = L= (o7 +n) (1+aUS)c*(g*+c*)(/\L—g*)<0.

(67

It is obvious that det (M) < 0. Assumption (E.9), 1 — a2¢® > 0, is sufficient for trace(M) > 0.
Hence, the sufficient condition for the saddlepoint stability of the steady state (c*, L¥, a*) given
by (F.17) is satisfied.
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F.4 The general case ¢, > 0

We now analyze also situations in which neither ¢z = 0 nor ¢z = 1 holds. More specifically, in
the following illustrations we set ¢ = 1 and consider alternative values of ¢z allowing for both
0 < ¢z < ¢r and ¢z > ¢x. In addition, we also consider alternative values of 1. In contrast

to ¢z and 1 we do not alter the rest of the parameters. The following parameter settings are

used for all illustrations:

a=1/3, €=1=0"=1/0=1/2,

p =0.02,

L =300 x 106,

The values in the following table correspond to the case n = 0.1:

¢z

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
2.0
10.0
100.0

*

9

1.29%
1.37%
1.46%
1.53%
1.59%
1.65%
1.70%
1.74%
L.77%
1.80%
1.82%
1.95%
2.06%
2.08%

21

—0.06640
—0.06560
—0.06535
—0.06567
—0.06653
—0.06778
—0.06930
—0.07096
—0.07266
—0.07434
—0.07595
—0.08736
—0.10297
—0.10739
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22

0.12200
0.12638
0.13024
0.13352
0.13622
0.13840
0.14015
0.14156
0.14271
0.14366
0.14445
0.14835
0.15182
0.15264

23

0.38946
0.39522
0.40329
0.41331
0.42464
0.43659
0.44856
0.46013
0.47104
0.48117
0.49049
0.54946
0.62142
0.64091

A=5.0x10"10,



In the next table we set n = 0.5:
bz g 21 z2 23

0.0 1.29% —0.04738 0.08198 0.31131
0.1 1.45% —0.04795 0.08713 0.30888
0.2 1.64% —0.04851 0.09295 0.30680
0.3 1.84% —0.04909 0.09952 0.30553
0.4 2.07% —0.04977 0.10680 0.30587
0.5 2.33% —0.05071 0.11463 0.30908
0.6 2.59% —0.05217 0.12256 0.31694
0.7 2.86% —0.05453 0.12994 0.33126
0.8 3.10% —0.05809 0.13618 0.35291
0.9 3.32% —0.06286 0.14108 0.38092
1.0 3.50% —0.06856 0.14484 0.41288
2.0 4.16% —0.11842 0.15902 0.66893
10.0 4.46% —0.17608 0.16759 0.95593
100.0 4.50% —0.18988 0.16921 1.02504

It is obvious that all cases considered in the two tables exhibit saddlepoint stability. Moreover,
both tables illustrate the statement of Proposition 3 that g* depends positively on ¢~. Finally, a
comparison of the two tables illustrates the statement of Proposition 4 that ¢g* depends positively

on 7, regardless of whether 0 < ¢z < ¢ or ¢z > Pk

G Decentralized versus socially planned solution of an economy

with relative wealth preferences

In this subsection we analyze whether there exists the theoretical possibility that the well-known
distortions of the standard R&D-based growth model of the Romer (1990) type are perfectly
offset by the externalities that result from relative wealth preferences so that the decentralized
solution coincides with its socially optimal counterpart. Our results can be summarized by the

following proposition:

Proposition 5. Suppose that the lifetime utility of the representative household is given by

o) 1—0_1
TG PR
0 _

in the standard economy and by

1-6
& -1 ~ Q
/ e—pt ([Ch (S)] )dt, S(Q,Q) =0 () ’ S0/ > 0’ S0// < 0’
0 1—6 Q

in the economy with relative wealth preferences. Then the following results hold:

i) The socially optimal solution of the economy with relative wealth preferences coincides
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with the socially optimal solution of the economy with standard preferences.

it) If i > 0 and if the status parameters ¢z and n happen to satisfy the conditions

- - a (AL —p)
bz = <SPk, §:1+9(1—a)/\L>1’
1—a) (OAL)?
=i = (1 —a)(0AL)

[(0 — ) AL + ap][(0 — 1) AL + p]’

then the BGP of the decentralized economy with relative wealth preferences coincides with
the BGP of the socially planned economy. More specifically, (n,¢z) = (1,$ox) implies
that

*_)\L_p_ P
g_ 9 _g7

(2) _ (H—a)a)‘\gL—i—ap _ <§>P

() =5 (k)

*_)‘L_p_ P

* (0—1))\L+P P

Ly=~—-—~2— - =1

Y ) ’

6 —1)\L
r* =al\L > o 9) + ) = (n/pa)”,

% 1—«a)OAL AL — *
() = (1 ayap < LZQOEF QL 20 _ (2

r* 4+ (eF) = (n/pa)* + (%) = AL,

holds, where x* denotes the steady-state value of x in the decentralized economy with
relative wealth preferences, while ¥ denotes the common steady state value of x in the

two socially planned economies.

Proof of i)
First, we analyze the socially optimal solution of the standard model without status prefer-

ences. The benevolent social planner maximizes lifetime utility of the representative household

[eS) 01—6 -1
—pt
/0 e <1 —7 > dt (G.1)

by optimally choosing the time paths of C, x;,i € [0, A, k;,i € [0, A], Ly, and Ly4 by taking into

given by
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account the production functions for the final good, the intermediate goods and new technologies

A
Y = L;—a/ z$ di, (G.2)
0
x; = ki, 1€ [0,A], (G.3)
A= \L4A, (G.4)
the three resource constraints
Ly +Las=1L, (G.5)
A
K= / ki di, (G.6)
0
K=Y -C, (G.7)
and the two initial conditions
A(0) = Ao, K (0) = K. (G.8)

The symmetry assumptions that are employed in the production function for final goods (G.2)
and the production functions for the intermediate goods (G.3) imply that the optimal plan of

the social planner exhibits the following property:
T =, i€ [0,A],
ki=k=ux, i€0,A].

Substituting these equations into the resource constraint for aggregate capital input (G.6) we
obtain
K = Ak = Ax.

The last equations together with the resource constraint for employment (G.5) imply the fol-

lowing results for output of the final good:
A
Y:LyaA a® di = L7 Az = (L — La)' ™ Ak® = K“[A(L — La)]'™®. (G.9)

The results given above imply that the socially optimal paths of C', L4, K, and A can be
determined by means of the following relatively simple optimization problem: Maximize lifetime
utility of the representative household given by (G.1) by optimally choosing the time paths of

C and L4 subject to the aggregate resource constraint
K=K*[A(L-Ly)" *-C, (G.10)

the production function for blueprints (G.4), and the two initial conditions (G.8).
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The current value Hamiltonian is given by

cl-%_1

H==2 -
1-6

+ ok {Ka [A(L— L] - c} 4 puaNLAA.

The necessary optimality conditions for an interior solution are given by

OH 4 _

%—C — pr =0,

OH K @
OL4 __MK(l_a)A[A(L—L )}

e — o — 2H K
UK = PHK oK MK @ AL —La

. _O0H MK
fia = ppia = 5o = —Ha

The transversality conditions are given by

lim e P uxK =0,
t—00

J - p} !

K

M—A(l—a) [M]Q(LLA)+)\LAP}-

lim e ' A = 0.
t—00

From the necessary optimality conditions (G.11)—(G.14) it follows that

px =C7°,
Ml:_@g,
MK C
K (0%
_ _ -1 —

fia K A
pa K A L—1Ly

LS T

C
o

o ) o

Substituting (G.16)—(G.19) into (G.13)—(G.14) yields

C 1 K
CZH{Q[A(L—

LA)] R p} ’

K A o C
From (G.4) and (G.10) it follows that
K [ Kk 10 ¢
K |A(L-La) K’
A

(G.11)

(G.12)

(G.13)

(G.14)

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)

(G.21)

(G.22)

(G.23)

Substituting (G.20), (G.22), and (G.23) into (G.21), we obtain the following differential equation
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for employment in the R&D sector:

AL C) . (G.24)

LA:(L—LA)<)\LA_Q+K

Using (G.16) and (G.18), the transversality conditions (G.15) can be expressed as follows:

K (0%
. —pt ~—06 — 1 —pt — L —0 =
tli\rgloe C"K =0, tlg})loe (I—a)A [A(L—LA)] C"A=0. (G.25)
The considerations made above show that the dynamic evolution of C, L4, K, and A in
the socially planned economy is determined by the four differential equations (G.20), (G.24),
(G.22), and (G.23), the initial conditions (G.8), and the transversality conditions (G.25).
This system exhibits the property that there exists a BGP characterized by the following
features:
¢ kA
C K A

L 4 = constant, = constant, = constant.

— ~— = constant
I%e — = constant,

In the following we denote the steady-state values of an arbitrary variable x in the socially

planned economy by z¥, where the superscript P stands for “Planner”. The four differential
equations (G.20), (G.24), (G.22), and (G.23) imply that

U
A) L-1LF P

AL P
o_Mj—(I+<§>,

K Py —(1~a) c P
A) L-L% K) "’

gP = AL,IZ?

gt =

where g© denotes the common growth rate of C, A, and K along the BGP. Solving for ¢*,
(C/K)F, L%, and (K/A)" we obtain

gP:AL;p, (G.26)
(5) - mesas

Lﬁ_Ai;p, (G.28)
<K>P (0= AL+p <M> i (G.29)
A O «
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From (G.5) and (G.9) it then follows that

0 —1)AL+p
Li:(;@, (G-30)
VN ry o T (G.31)
K) |\A) L-L} o '

The transversality conditions (G.25) require that the expressions
e P'CPK  and e P(1—a)NTY{K/[A(L—-Ly)}*C~%A

converge to zero for t — co. Along the BGP the common constant rate of growth of these two
expressions is given by

)AL
W = -\LE. (G.32)

—p—0g" +¢" = -

From (G.26), (G.27), (G.28), (G.30), and (G.32) it then follows that if p satisfies the condition
that

(1-0)AL < p< AL, (G.33)

then

P c\" P P
g >0, e > 0, Ly >0, and Ly >0

hold and both transversality conditions are satisfied.
Now we proceed with the socially optimal solution of an economy with relative wealth pref-
erences. A sensible comparison with the status-free economy in which the instantaneous utility

function is given by

o 1-0
requires that we restrict our attention to relative wealth preferences that are obtained by setting
¢ =1in (42):

$(92,9) =¢<g>, ¢ >0,¢" <0.

[Ch(S)]'" —1

u(C,S) = T g ,

According to (44) and (45) these specifications of u (C,S) and S (Q,Q) imply that

e (D] (1)
hlp(M)]

X=5@Q9)=¢1), o°=1/0, =4 (G-34)
In contrast to the representative household of the decentralized economy, the benevolent social
planner takes into account the externalities resulting from relative wealth preferences. It is
optimal for the social planner to assign identical choices to households that are identical in
every respect so that ; = Q) holds for each household j at any time ¢t. Taking into account

that S (Q,Q) = ¢ (1) = x holds, the optimization problem of the social planner can be written
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as follows: Maximize lifetime utility of the representative consumer

/°° ([Ch 0 - 1) dt
0 1—0

by optimally choosing the time paths of C' and L4 and taking into account the economy’s re-

source constraint (G.10), the production function for blueprints (G.4), and the initial conditions
(G.8). It is easily verified that the optimal time paths of C', L4, K, and A (in contrast to the
time paths of the costate variables) are independent of the constant factor h (). Hence, regard-
less of whether we consider standard preferences or introduce relative wealth preferences, the
socially optimal time paths of C, L4, K, and A are determined by the four differential equa-
tions (G.20), (G.24), (G.22), and (G.23), the initial conditions (G.8), and the transversality
conditions (G.25). These results imply that the solutions for the steady-state values given by
(G.26)—(G.31) are also valid for the model with relative wealth preferences provided that £ = 1.
In other words, the socially optimal solution of the economy with relative wealth preferences
coincides with the socially optimal solution of the economy with standard preferences.

Proof of (ii):

If ¢ = 1 then 0% = 0! and n = B [see (G.34)]. Setting o° = 6~ in (50) and (51) yields

(

29—1\ + 4 p—1) 2 Pk C\'
—(1—-a®0"") g +06 o + bz —a) . o (K) =0""p, (G.35)
e (%)
(1+a)g* + é o + ($x — d2)n <[C{> = AL. (G.36)

¢Z (1 — a) " C *
Pxt— 7 pellll +
These two equations determine the steady-state values of g and (C/K) in the decentralized

economy with relative wealth preferences. From (G.26) and (G.27) it follows that the conditions

for social optimality are given by

g=9 =5 (G.37)
(6 - () -

Substituting these two conditions into (G.35) and (G.36) we obtain

drn (0 —a) AL + ap]

— (1 —a)ab\L + =0, (G.39)
(1 —a)fAL
Ok 02 TG TAL + 1)
a2()\Lp)+(¢K—¢Z)77[((91:2))2§;O‘P] _o (G.40)
¢K+¢Za[)\L97)\L+p]
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If ¢ = 0, then condition (G.39) simplifies to

—(1—a)abdAL =0.

Obviously, this condition can never be satisfied. Hence, in the following we restrict our attention

to ¢ > 0. Introducing the definition
z

§577

conditions (G.39) and (G.40) can be rewritten as

n((6 —a) AL+ ap)
—(1—a)abdAL + (1= a)0ND =0,

T O =D L+ )

(1=¢)n((0 —a) AL+ ap)
o? (AL — p) + o =)L =0
a(ALO — AL + p)

Solving these two equations for n and ¢ and denoting the solutions by 7 and ¢, we obtain

5:1+M>1, (G.41)
(1 —a) (OAL)? (G.42)

"= 0= AL+ apl [(6— DAL+ 7]

If (,¢2) = (7,Spx) happens to hold, then by definition both g* = ¢ and (C/K)* = (C/K)"
hold. Using (G.37)—(G.38), (G.41)—(G.42) as well as (C.1)—(C.18), we finally obtain

K) Y K) o

*_i*_AL—p
La=%=""m"
. ., AL—g* (0—1)AL+p
v=>r-la A N ’
r* =a? <> = alL,
T\ . al@=DAL+)
— | =ally = ,
<pA> v 0
()
<C’>*_ K (0 —a) AL+ ap][(0 — 1) AL + p]
Q) . l—a [Y\" GrO2\L ’
¢K+§¢K)\L_*<K>

c\* 1
> 59 —r tp=010-0a)AL

)

0)*_ (1—a)OAL + a (AL — p)
0

(%) = Soxcit <Q =

7



r (eF) = (177;)* + ()" = AL,

)

c\" (9—a)AL+ozp_1_a()\L—p)
B OAL B OAL

K * 1 (1—a) (AL —p)
— | = —=all-— <«
K +pasA ) l—a[Y (0 —a) AL+ ap
ALy, \ K
While the effective rates of return of physical capital and shares are identical,
4 () = (r/pa) + (F) =L,
the market rates of return and the status related extra returns differ due to ¢z = S > ok

r* = alL > al(0 = 19) AL+ ) = (n/pa)”,

(EK)*:(l—a))\L< (1—a)0)\L;—a()\L—p) _ (EZ)* n

Tllustration:

Consider the values

a=1/3, t=1=0"=1/0=1/2, p=0.02, L=2300x10° X=50x10"1°

Then we have
I —
M ~ 1.22,

5:1—1—‘9(1—04))\L
i = (1 — o) (OAL)? N
T=10—a) L+ ap][(0 — )AL + 7] ~ 1.38.

If ¢ = Spx and 1 = 77 happen to hold, then

C * C
* P 2 — =0.38
= = 6. 1 = = 0.
g g 5 x 10 s < > < > 5,

Y\* c\*
—) =045 — ] =85.56 x 1072
<K> ’ <Y> X ’

*

LA —2
=43.33x 1
7 =43.33 1077,

L3, = 170000000.0, L% = 130000000.0,

(”) —2.83 x 1072,
bA

(%) =12.17 x 1072,

r* =5.0x 1072,

(8K)* —10.0 x 1072,
T+ (F) = 7T)*+ Z) =15.0 x 107,
) = () ) =150
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K *
— ) =22.08x1072,
(K +PAA>

z1 = —0.08623, 2o = 0.15703, z3 = 0.45178.
For this parameter setting (that can only hold by pure coincidence), the growth rates of the
socially planned economy and its decentralized counterpart are the same. Note that one eigen-

value of the Jacobian is negative and two are positive, which implies saddle-point stability of
the BGP.
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