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ABSTRACT This paper addresses the problem of joint state and parameter estimation for nonlinear affine-
input systems with positive parameters including the design of a closed-loop optimal input adaptation to
increase an identifiability measure for the system. The identifiability itself is considered in the context
of structural observability of the system dynamics based on structural analysis of the system including
the unknown parameters as additional states. In particular, the network graph-based interpretation of
structural observability is employed at this point. This analysis motivates to include time derivatives of
the measurements as additional system outputs to enhance the structural observability properties. For this
purpose robust exact differentiation is considered, relying on the super-twisting algorithm to obtain finite
time convergent estimates of these signals. Using the extended measurement signal, a continuous-discrete
Extended Kalman filter is proposed that ensures strictly positive estimates for the parameters. Based on
the estimates of states and parameters the input signal is determined using a moving horizon optimal
predictive control that evaluates the condition number of the Fisher information matrix, thus maximizing
the information content of the measurements with respect to the parameters. The proposed scheme extends
and combines different previously discussed approaches from the literature and is evaluated by means
of a thermal process example in simulation and experiment, showing high potential for similar system
identification problems.

INDEX TERMS State and parameter estimation, nonlinear systems, closed–loop identification, Kalman
filtering, process control, optimization, design of experiments.

I. INTRODUCTION
Parameter estimation for mathematical models is a central
key for accessing the potential of predictive models [1], [2].
This important topic has consequently received considerable
attention over the last about 50 years, starting with classical
design of experiments [3], leading to the well-known Fisher
information matrix, and advancing to optimal experimental
design for dynamical models [4], [5].
For dynamical systems with inputs the topic of feedfoward,

feedback and optimal control design for parameter estimation
has further paved the way to access the influence of the
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input on the identifiability based on Fisher information
measures. In this regard, and without being exhaustive, e.g.,
[6] analytically addressed the control design for parameter
estimation in a water tank system, optimal control based on
Pontryagin’s maximum principle has been employed in [7],
and model predictive (moving horizon optimal) control,
e.g., in [8]. Different application studies can be found in
the literature including, e.g., parameter estimation for an
unstable delta wing [9], for battery models [10] or a turntable
ladder [11], [12]. All these studies highlight the use of
the Fisher information matrix and in particular address the
problem of maximizing the information content.

The information content itself is related to the fundamental
question of identifiability, i.e., whether or not there exists
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a unique set of parameters corresponding to the observed
input-output signals. The next question is then how to design
systems for automatic parameter estimation for a given
actuator-system-sensor setup. Both questions have been
addressed in particular in the context of observability, a prop-
erty that is strongly connected to the identifiability. Observ-
ability ensures that the states of a system can be uniquely
determined on the basis of the knowledge on input and output
over a (sufficiently long) time interval.1 Considering the
parameters as additional states without proper dynamics, the
joint state and parameter estimation problem thus renders into
a pure state estimation problem. The existence of a so-called
observer to provide asymptotically converging estimates of
states is ensured in the case that the system is observable.
The connections between identifiability, observability and the
Fisher information matrix have been often recognized and
highlighted in the literature, e.g., in [14], [15], and [16] or
in the recent survey on specific related studies and methods
provided in [17].

It is well-known that observability can be analyzed using
sequential time derivatives of the outputs (e.g., in the
classical Kalman observability matrix analysis [13]), or in
an equivalent manner evaluating forward sensitivities of the
initial conditions on the outputs by the observability Gramian,
or the Fisher information matrix related to the outputs with
respect to the initial conditions (cp. [14], [15], [16]). From
the first point of view, the information contained in the time
derivatives of the outputs includes information of the local
past and future in terms of the slope of the measurement
signal. The classical Kalman observability condition [13]
shows that a necessary condition for observability is that sub-
sequent time derivatives of the outputs provide independent
information about the states. Thus, having access to the time
derivatives of the outputs naturally enriches the information
content of the measurements.

The determination of time derivatives of signals has itself a
considerable history (see, e.g., [18]), and it is almost 30 years
that the exact differentiator has been proposed in [19]. The
topic has gained momentum over the last years with studies
focusing either on algebraic methods and approximation
theory (see, e.g., [18]) or sliding mode techniques (see, e.g.,
[20]) and their analysis using Lyapunov theory [21], [22],
as well as discrete-time and filtered implementations [23],
[24]. One of the main advantages of the latter approach is
the ensurance of convergence in finite time, as long as certain
criteria are satisfied which have to be analyzed separately.
Sliding mode observers have also already been used in the
context of parameter estimation, e.g., in [25] and [26], where
they were directly employed for the state and parameter
estimator design.

Having these enlightening studies as methodological
point of departure, the purpose of the present study is to
combine and extend the approaches with focus on nonlinear

1For linear time-invariant finite-dimensional systems this interval can
actually be arbitrary short [13].

systems with positive parameters. The positivity assumption
is motivated by physical constraints as well as stability
properties of the system. Particular focus is put on the
interrelation of the output sensitivity and its maximization
using a measure of the information content in the Fisher
information matrix. The potential of improving information
content using higher-order sliding mode differentiators and
their use for positive state estimation employing an adapted
Kalman filter approach is discussed. As a particular case
example a thermal conduction process with two coupled
heating elements and two temperature measurements is
employed.

II. PROBLEM SETUP
In the following we consider multi-input multi-output
(MIMO) systems of the form

ẋ = f (x, p)+
nu∑
i=1

gi(p)ui, (1a)

y = h(x), (1b)

with the state x(t) ∈ Rnx at time t ≥ 0, initial condition
x(0) = x0, unknown parameter vector p ∈ Rnp

+ , vector
field f : Rnx×np → Rnx which in the following is
assumed to consist of entries fi that are sufficiently often
continuously differentiable with respect to both x and p. The
same holds for the input vector fields gi : Rnp → Rnx .
It is assumed that the sign of the parameters are known,
so that without loss of generality2 it is assumed that p ∈ Rnp

+ .
The input gain vector associated to the input ui ∈ U, i =
1, . . . , nu is denoted by gi and assumed to be sufficiently
often continuously differentiable with respect to p. Here U
denotes the set of bounded functions ui : [0,∞)→ R which
are sufficiently often continuously differentiable. The output
y(t) ∈ Rny is determined by the output function h : Rnx →

Rny , which has at least nx-times continuously differentiable
entries hi. The unknown parameter vector p ∈ Rnp

+ is
considered constant, in the understanding that eventual slow
variations are happening on a time scale that is much slower
than the one of the state dynamics and can thus be neglected.
In the sequel we denote by x(t; x0,u, p) the solution of (1a)
for a given parameter vector p and input vector

u(t) =
[
u1(t) . . . unu (t)

]T
∈ Rnu .

Throughout, we assume that the solution exists and is unique.
In special examples this of course may imply additional
constraints on the parameters, which will not be further
addressed in the sequel.

III. IDENTIFIABILITY AND OBSERVABILITY
The identifiability of system (1) is ensured if one can choose
the inputs u as functions of time in such a way that for given
x0 there exists a unique parameter vector p for which the
solutions of (1a) provide the same output according to (1b)

2Note that any model can be written in such a way, as long as the signs
of the parameters are known. Usually, physical parameters are positive, e.g.
masses.
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as a measurement y(t) does, i.e.,

y(t) = h(x(t; x0,u, p)), ∀ t ≥ 0. (2)

In other words, the only vector ϵp for which

y(t) = h(x(t; x0,u, p+ ϵp)), ∀ t ≥ 0. (3)

holds true is given by ϵp = 0.
On the other side, observability of system (1) means that

for a given set of inputs, outputs and a given parameter
vector p, the initial condition x0 is the only possibility for
which (2) is satisfied. In other words, for a given input-output
set (u, y) and parameter vector p the only vector ϵx for
which

y(t) = h(x(t; x0 + ϵx ,u, p)), ∀ t ≥ 0 (4)

holds true is given by ϵx = 0. Condition (4) is called indis-
tinguishability in the literature [27]. From this consideration
it directly becomes clear that both the identifiability and
observability are strongly related. Indeed, observability can
be interpreted as identifiability if one considers the initial
condition x0 as a parameter vector.

Given that very powerful approaches exist for state
estimation and the analysis of observability, the problem
of joint state and parameter estimation is subsequently
addressed in the context of state estimation. For this purpose
we consider the extended system

ż = f z(z)+
nu∑
i=1

gz,i(z)ui, z =
[
x
p

]
∈ Rnx+np (5a)

y = hz(z), (5b)

with

f z =
[
f (z)
0

]
, gz,i =

[
g(z)
0

]
, i = 1, . . . , nu, (5c)

hz(z) = h(x), (5d)

which corresponds to the assumption of constant parameters.
The solution of (5) is denoted by z(t; z0,u) in the following.
Note that z1(t), . . . , znx (t) coincide with x1(t), . . . , xnx (t) if[
z1(0), . . . , znx (0)

]T
= x0 and

[
znx+1(0), . . . , znx+np (0)

]T
=

p. If the system is identifiable the only valid solution for
znx+1, . . . , znx+np for which y(t) = hz(z(t)) ∀t ≥ 0 will
indeed be znx+i = pi, i = 1, . . . , np provided that zi =
xi, i = 1, . . . , nx . The problem of joint state and parameter
estimation thus resembles to designing an estimator (or
observer) that provides an estimate ẑ that asymptotically
converges to z, i.e.,

lim
t→∞
∥ẑ(t)− z(t)∥ = 0, (6)

implying that both the state and the parameters are uniquely
determined at least asymptotically.

In terms of the extended state system formulation (5),
the property underlying the state and parameter estimation
problem is the observability. System (5) is observable if for a

given input-output set (u, y) the only vector ϵz for which

y(t) = hz(z(t; z0 + ϵz,u)), ∀ t ≥ 0 (7)

holds true is given by ϵz = 0. If for any ϵz where (7) holds
true, one has that

lim
t→∞
∥z(t; z0,u)− z(t; z0 + ϵz,u)∥ = 0,

then the system (5) is called detectable.
With respect to (6), detectability is a nessesary condition.

Actually, from an estimator design perspective [13], it is also
sufficient for the design of a local state observer, but as the
parameters have no dynamics, in the sequel the focus will
be on observability, being the stronger condition. A detailed
analysis based on a separation into observable and non-
observable parts [28] goes beyond the scope of the present
study.
Observability can be analyzed locally around the actual

state trajectory using the observability map

O(z, ū) =



hz,1
...

hz,ny
Lf zhz,1

...

Lf zhz,ny
...

Lkf zhz,1
...

Lkf zhz,ny



, (8)

consisting of subsequent coordinate–wise Lie derivatives

Lf h(z) =
∂h
∂z
f (z), Lkf h = Lf

(
Lk−1f h

)
, (9)

of the output map hz until the order k = nx + np − 1 [28],
with derivative augmented input vector

ū =
[
u1 u̇1 . . . u(k−1)1 . . . u(k−1)nu

]T
.

Note that the computation of the map (8) in the presence
of inputs may also involve the first k time derivatives of
the input, what underlines the non-trivial dependency of the
observability on the input u in case of nonlinear systems [28].
Local observability at a point z is ensured if there exists a
neighborhood of z in which this map is invertible. In virtue of
the inverse function theorem this is ensured if the associated
Jacobian matrix of (8) satisfies

rank
(

∂O
∂z

(z, ū)
)
= nx + np. (10)

As this analysis involves nonlinear functions that depend on
the actual state, parameters and input, the analysis typically
becomes quite cumbersome at some point. A suitable alterna-
tive consists in the analysis of the structural identifiability in
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the sense of the structural observability [29], [30], [31] of the
extended system dynamics (5), which is also a local property.
For the analysis of the structural observability the structure

graph 0 = (V ,E) of (5) is employed [29], [31], [32]. The
structure graph consists of the vertex set

V =
{
v1, . . . , vnx+np

}
,

where vk is associated to the state zk , k = 1, . . . , nx + np,
and the (directed) edge set

E(z,u) =

{
(vj, vi)

∣∣∣∣∣∂fz,i(z)∂zj
+

nu∑
k=1

∂gz,k,i(z)
∂zj

uk ̸= 0

}
.

Note that the edge set in principle depends on the particular
values of z and u and thus the interpretation is carried
out structurally, i.e., the edge is included as long as there
exists at least one choice of z,u such that the partial
derivative is not zero. Note that by continuity arguments the
same holds in a neighborhood and in consequence almost
everywhere (see, e.g., [29], [31], [32]). The structure graph
is extended by introducing the output vertices νi, i =
1, . . . , ny in such a way that a directed edge (vj, νi) is included
whenever ∂hi

∂zj
(z) ̸= 0 (structurally). Subsequently, the graph

is separated into strongly connected components, i.e., subsets
in which one can get from any vertex to any other one by
following the edges without leaving the set. The condition for
structural observability then requires that at least one sensor
is connected to every such strongly connected component.
In addition the structural rank condition

s− rank
[
Jz
Hz

]
= nx + np, (11)

has to be satisfied. Here Jz, Hz denote the structure matrices
of the Jacobians of f z and hz with respect to z. These matrices
carry the information which entries are non–zero for at least
one choice of z,u, and the structural rank s− rank is defined
as the maximum possible rank. The structural observability
s− rank condition is a sufficient condition for the local
paramter estimation problem to be well posed. Note that in
terms of structural identifiablity it is indeed not nessesary.

Note that for ny < np the s-rank can be at most nx + ny <

nx+np, showing the underlying fundamental problem. There
are basically two potential solutions to this problem. Either
one includes additional sensors and thus output equations,
or one introduces successive time derivatives of the existing
outputs, also providing additional output equations in terms
of Lie derivatives.Whether or not the latter approach provides
an increase of the s− rank has to be analyzed for the given
system. Anyway, taking into account the considered setup (5)
it can be easily seen that an increase in the s− rank is
likely by computation of the Jacobians of yi = hz,i(z) and
ẏi = Lf zhz,i(z), i.e.,

∂hi
∂z
=

[
∂hi
∂z1

· · ·
∂hi
∂znx

0 · · · 0
]

(12a)

∂Lf zhi
∂z
=

[
∂Lf zhi
∂z1

· · · · · ·
∂Lf zhi
∂znx+np

]
, (12b)

with the definition of the Lie derivative from (9). It becomes
evident that, since in the current setup the output function
depends only on the states x and not on the parameters p,
the Lie derivative ẏ = Lf zhi generally introduces a coupling
with the parameters. By explicitly including these new
output functions hz,nx+i = Lf zhi additional information is
incorporated into the structure graph, which can potentially
enhance the systems structural observability. If the output
yi is included up to its ri-th time derivative, the number of
measurement equations is generally given by

M =
ny∑
i=1

ri + 1. (13)

The structural rank condition (11) requires M ≥ np. This
part will be evidenced and further discussed later in the case
study.

IV. OUTPUT DERIVATIVES
To obtain estimates of the time derivatives of the output
yi up to variable derivative order ri, i = 1, . . . , ny, the
sliding mode based robust exact differentiator [20], [33] can
be employed in the form

ζ̇i,1 = k1⌊σi,1⌉
ri

ri+1 + ζi,2 (14a)
...

ζ̇i,j = kj⌊σi,1⌉
ri−j+1
ri+1 + ζi,j+1 (14b)

...

ζ̇i,ri+1 = kri+1 sign(σi,1), (14c)

where ⌊·⌉γ = | · |γ sign (·), ki are positive gains, ζi,j(t)
represent the estimate of y(j)i (t) and

σi,1 = yi − ζi,1. (15)

The solution of the discontinuous differential equation is
understood in the sense of Filippov [34].

Introducing the estimation errors for the j-th derivative as

ζ̃i,j = y(j)i − ζi,j (16)

the associated estimation error dynamics take the form

˙̃
ζi,1 = k1⌊ζ̃i,1⌉

ri
ri+1 + ζ̃i,2 (17a)

...

˙̃
ζi,j = kj⌊ζ̃i,1⌉

ri−j+1
ri+1 + ζ̃i,j+1 (17b)

...

˙̃
ζi,ri+1 = kri+1 sign(ζ̃i,1)+ y

(ri+1)
i , (17c)

allowing for finite-time convergence for suitably chosen
gains kj, according to [21], [35], and [36], as long as y(ri+1)i
is bounded. As pointed out above, the higher-order output
derivatives can depend on the time derivatives of the inputs
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as well, so that the requirement that y(r+1)i is bounded
in particular requires that the inputs u are sufficiently
often differentiable. There exist methods for discrete-time
implementation in the presence of noise (see, e.g., [23]).

V. POSITIVE STATE AND PARAMETER ESTIMATION
The state and parameter estimation problem can be addressed,
e.g., using an extendedKalman filter (EKF) scheme (see, e.g.,
[37], [38] and a recent application for parameter estimation,
e.g., in [39]). To account for the particular challenge at hand
that the parameters are considered positive, the following
transformation is employed

pi = eθi > 0 ∀ θi ∈ R, θi = ln(pi), (18)

ṗi = eθi θ̇i = 0. (19)

This transformation is particularly useful in cases where
negative parameter values are physically meaningless, and
negative estimates would compromise the stability of both
the system and the estimation process. In such situations, the
estimator may diverge from the measurements and is unlikely
to recover from this error. This consideration leads to the
redefined extended state vector z̄ = [x θ ]T with dynamics

˙̄z = f̄ z(z̄)+
nu∑
i=1

ḡz,i(z̄)ui (20)

with f̄ z(z̄) := f z(x, e
θ ) and ḡz,i := gz,i(x, e

θ ). Furthermore,
we consider Gaussian process noise w ∼ N (0,Q) and
measurement noise v ∼ N (0,R) to represent model
and measurement uncertainties, respectively. The positive
definite matrices Q and R define the covariances of these
noise realizations.

The EKF provides both an estimate of the state vector ˆ̄z(t)
and for the associated estimation error covariance P(t), i.e.,
ˆ̄z(t)− z̄(t) ∼ N (0,P(t)) as long as ˆ̄z0− z̄0 ∼ N (0,P0) based
on the assumption of an underlying Gaussian probability
density function.

Considering discrete measurements y(tk ) = hz(z(tk )) a
continuous-discrete EKF is employed, based on periodic
sampling at times tk = k1t . The continuous state update is
based on the nominal system dynamics and the covariance
update is based on the linearized Ricatti equation, leading to

˙̂z̄ = f̄ z(ˆ̄z)+
nu∑
i=1

ḡz,i(ˆ̄z)ui (21a)

Ṗ = Jz(ˆ̄z, u)P+ PJTz (ˆ̄z, u)+ Q (21b)

Jz(ˆ̄z, u) =
∂

∂ z̄

(
f̄ z(z̄)+

nu∑
i=1

ḡz,i(z̄)ui

)∣∣∣∣∣
z̄=ˆ̄z

(21c)

for t ∈ [(k − 1)1t, k1t), starting with ˆ̄z(0) = ˆ̄z0,P(0) = P0,
leading to predictions ˆ̄z−k = ˆ̄z(tk ),P

−

k = P(tk ) with which the
new estimates are obtained as

ˆ̄z(tk ) := ˆ̄z−k − Lk (hz(ˆ̄z−k )− y(tk )) (21d)

Lk := P−k HT
k

(
HT
kP
−

k Hk +
R
1t

)−1
(21e)

Hk =
∂hz
∂z

(ˆ̄z−k ) (21f)

P(tk ) := (I − LkHT
k )P
−

k . (21g)

The noise covariance of the continuous time process is scaled
by the sampling interval 1t as the discrete time noise can be
approximated via

vk =
1
1t

∫ tk

tk−1
v(t) dt ∼N

(
0,

R
1t

)
.

This ensures area equivalence between the discrete time
noise signal and the continuous white noise over 1t
[37]. The EKF outcome can therefore be interpreted as a
Gaussian approximationN (ˆ̄z(t),P(t)) of the underlying state
estimation probability density function, where the entries
pii(t), i = nx + 1, . . . , nx + np of the covariance matrix
P(t) corresponding to the parameter estimates are adjusted
according to the transformation in (18).

The state and parameter estimates at time t ≥ 0 in the
original coordinates are then given by

x̂(t) =

 ˆ̄z1(t)...
ˆ̄znx (t)

 , p̂(t) =


eˆ̄znx+1(t)

...

e
ˆ̄znx+np (t)

 , (22)

for which by construction it holds that p̂i(t) ≥ 0 for all t ≥
0 and all i = 1, . . . , np.

VI. OPTIMAL INPUT DESIGN FOR PARAMETER
ESTIMATION
As pointed out above in the discussion on observability of the
extended system (5), the achievement of jointly estimating
states and parameters typically depends on the particular
input signals. For the purpose of providing the best conditions
for joint state and parameter estimation, in the following a
strategy for online maximization of the relevant information
content in the measurement signals is proposed.

Consider the nominal state dynamics with augmented input
and output vectors (including the time derivatives)

ū(t) :=
[
u1(t) · · · u(l1)1 (t) · · · u

(lq)
q (t)

]T
ȳ(t) :=

[
y1(t) · · · y(r1)1 (t) · · · y

(rny )
ny (t)

]T
, (23)

where li, ri indicate the highest derivative of the input ui or
output yi, respectively. Note that ū(t) ∈ Rn̄u , ȳ(t) ∈ Rn̄y with
n̄u = nu +

∑nu
i=1 li, n̄y = ny +

∑ny
i=1 ri. Accordingly, in the

following we consider

ẋ = f (x, p)+
nu∑
i=1

gi(p)ui, x(0) = x0, (24a)

ȳ = h̄(x, p)+
n̄u∑
i=1

ki(p)ūi, (24b)
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The vector fields ki(p) arise from extracting the affine parts
of these derivatives with respect to the augmented input
vector (23).
Now, denote the solution of (24) for a given initial

condition x0 and parameter vector p by x(t; x0, p,u)
and the corresponding augmented measurement vector by
ȳ(t; x0, p, ū). The goal is to design the inputs ui in such a way
that the information content of the augmented measurements
ȳ with respect to the parameters p is maximized. For this,
consider the sensitivity of the state trajectories with respect
to the parameter vector p, i.e. the state sensitivity matrix

Xp(x, u, p) :=
∂x(t; x0, p,u)

∂p
∈ Rnx×np , (25)

which propagates over time according to

d
dt
Xp =

∂2x(t; x0, p,u)
∂t∂p

=
∂

∂p
ẋ(t; x0, p,u)

=
∂

∂p

(
f (x, p)+

nu∑
i=1

gi(p)ui
)

=
∂f
∂x

∂x
∂p
+

∂f
∂p
+

nu∑
i=1

∂gi
∂p

(p)ui

=
∂f
∂x
Xp +

∂f
∂p
+

nu∑
i=1

∂gi
∂p

(p)ui

=: FXp (Xp, x, p,u) (26)

Note that the sensitivity matrix Xp is propagated according
to linear time-varying dynamics with the dynamics matrix
being given by the Jacobian matrix of the vector field f
evaluated along the solution trajectory x(t; x0, p,u). The
initial condition for the parametric sensitivities Xp is zero,
as the initial state x0 does not depend on p.
As the structural identifiability is verified for the (deriva-

tive) augmented measurement vector, the sensitivity matrix
should also include these derivatives. Therefore, the mea-
surement sensitivities are given by Ȳp :=

∂ ȳ
∂p ∈ Rn̄y×np

giving

Ȳp =
∂h̄
∂x
Xp +

∂h̄
∂p
+

n̄u∑
i=1

∂ki
∂p

(p)ūi,

=: HȲp (Xp, x, p, ū). (27)

As by consideration (cp. Section V), the measurements are
corrupted by noise characterized by the positive definite
covariance matrix R ≻ 0. With this, the Fisher information
matrix is defined as [11], [40], and [41]

F(t) := E
[
Ȳ T
p Ȳp

]
=

∫ t

0
HT
Ȳp
R−1HȲp dτ, (28)

where the integrand is time-varying. Note, that F(0) = 0 and
F is positive semi-definite. Equivalently one can determine
it solving

Ḟ = HT
Ȳp
R−1HȲp . (29)

Summarizing the setup, we have a dynamically evolving
system that can be written using the state vector χ =[
xT vec(Xp)T vec(F)T

]T with the vectorized form of the
sensitivity (Xp) and Fisher information (F) matrices as

χ̇ =

f (x, p)+
∑nu

i=1 gi(p)ui
vec

(
FXp (Xp, x, p,u)

)
vec

(
HT
Ȳp
R−1HȲp

)
 =: f χ (χ , p, ū). (30)

With this, an optimal control problem with fixed end–time T
and variable end–state χ (T ) for maximizing information
on the finite horizon [0,T ] can be formulated. Associated
measures for the identifiability of the system are given by
scalar functions 8 of the Fisher information matrix, i.e.

J [u] = 8 (F(T )) . (31)

These functions are typically constructed such that they give
inverse properties to the information content.
This leads to the formulation of the optimal control

problem

min
u

J [u]

s.t. (30), (31)

umin ≤ u(t) ≤ umax (32)

Its solution is denoted in the following by

u⋆
= argmin

u
J [u], (33)

and for simplicity in the following we denote F = F(T )
by applying (28). From the literature, different optimization
criteria are known [10]. The cost functions to be minimized
in the optimal control problem for different designs are

JD := 8D = log detF−1, (D-optimal)

JA := 8A = trF−1, (A-optimal)

JE := 8E = −λmin(F). (E-optimal)

The E-Optimality condition (E-optimal) can be modified to
(cp., e.g. [42])

JE′ := 8E′ = log
(

λmax(F)
λmin(F)

)
, (modified E-optimal)

which in optimum is equal to zero. Assuming unitary
eigenvectors vm for the eigenvalues λm(F), i.e. vTmvm = 1 and
algebraic multiplicity equal to the geometric multiplicity.3

Then, the associated matrix derivatives are given by

∂8D

∂F
= −F−1, (34)

∂8A

∂F
= −F−2, (35)

∂8E′

∂F
=

1
λmax(F)

vmaxvTmax −
1

λmin(F)
vminvTmin. (36)

Remark 1: In the numerical implementation, the input
trajectory u(t) is discretized as piecewise constant over

3The more general case is out of the scope of the current paper.
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intervals of length 1tmpc. For each interval, the input is held
constant and the ODEs (30) are solved forward in time.
This approach does not affect the structure of the gradient
estimation or the optimization algorithm, but simplifies the
parametrization of the input and the integration of the system
dynamics. The required smoothness of the actual input that
is required for the output differentiator (u ∈ Cr , see
Section IV) can easily be ensured, e.g., including a filter of the
form

u(r)i = −
n−1∑
j=2

κju
(j)
i − κ1(ui − u∗i ) (37)

where κj > 0 are design degree of freedoms and u⋆
i from (33).

If the focus is on the critically damped case, the parameters
κj can be found by evaluation of the polynomial

(s+ ω)r = sr +
(
r
1

)
ωsr−1 +

(
r
2

)
ω2sr−2

+ · · · +

(
r

r − 1

)
ωr−1s+ ωr ,

= sr + κrsr−1 + κr−1sr−2 + · · · + κ2s+ κ1,

where ω is the desired pole location and the coefficients
κj, j = 1, . . . , r can be determined accordingly. Note that
using this approach one arrives at u ∈ Cr , satisfying one
condition for the requirement that the r + 1-th derivative of
the outputs remain bounded.
Remark 2: If the filter bandwidth ω is set such, that the

filtering of the input drastically impacts the dynamics of the
system, the dynamics of the form

σ̇ i = Au,iσ i + bu,iu⋆
i ,

with σ i =
[
ui u̇i · · · u

(li−1)
i

]T
and

Au,i =


0 1 . . . 0

0 0
. . . 0

0 0 . . . 1
−κ1 −κ2 . . . −κr

 ,

bu,i =
[
0 0 . . . κ1

]T
,

should be included into (30). These filter dynamics
can be exactly discretized for a multiple shooting MPC
approach. The discretized matrices for constant set-points
u⋆
i between sampling instances with sampling time 1t
read

Adu,i = exp(A1t), bdu,i = −A
−1
(
I − Adu,i

)
.

Remark 3: Another possibility to achieve smooth input
signals would be to dynamically extend the system dynamics
by an integrator chain and optimize the highest order
derivative over the horizon. This has the downside that the
computational complexity of the optimization problem is
drastically increased but it allows for free input dynamics not
restricted to e.g. a filtered approach.

A. GRADIENT COMPUTATION–INDIRECT GRADIENT
METHOD
To be able to solve (32) in real time, a computation of the
gradient is needed. Due to the explicit gradient computation,
no numerical approximation by disturbing the input and
solving the dynamics for every disturbance is needed. This
increases the speed of computation and therefore ensures
real-time capability. Additionally, sub–optimal solutions with
good gradient estimation still lead to higher information
content, in contrast to just numerical approximation. For this
we first formulate the augmented Lagrangian L [43], [44].
For convenience, we use the following notation. For matrices
U ,V of matching dimensions,

tr(UTV ) =
∑
i,j

UijVij =: ⟨U ,V ⟩

defines the Frobenius inner product ⟨·, ·⟩. With adjoint
variables λ ∈ Rnx , 3Xp ∈ Rnx×np and 3

np×np
F we form

the Lagrangian L with the neglection of non–zero input
derivatives, i.e. u(k)i = 0, ∀k ≥ 1 and optimizing for u⋆,
as4

L[u, λ, 3Xp , 3F ] := 8 (F(T ))

+

∫ T

0
λT

(
f +

nu∑
i=1

giui − ẋ

)
dτ

+

∫ T

0
tr
(
3T
Xp

[
FXp − Ẋp

])
dτ

+

∫ T

0
tr
(
3T
F

[
HT
Ȳp
R−1HȲp − Ḟ

])
dτ.

As we have no cost–to–go in pure information maximization,
the corresponding Hamiltonian reads

H := λT

(
f +

nu∑
i=1

giui

)
+ tr

(
3T
XpFXp

)
+ tr

(
3T
FH

T
Ȳp
R−1HȲp

)
.

Taking the first variation of the Lagrangian δχL with respect
to the state χ leads to the adjoint equations given by

λ̇ = −
∂H
∂x

, λ(T ) =
∂8

∂x

∣∣∣∣
F=F (T )

= 0, (38)

3̇Xp = −
∂H
∂Xp

, 3Xp (T ) =
∂8

∂Xp

∣∣∣∣
F=F (T )

= 0, (39)

3̇F = −
∂H
∂F
= 0, 3F (T ) =

∂8

∂F

∣∣∣∣
F=F (T )

, (40)

where the matrix derivative ∂8
∂F depends on the chosen

metric 8 at hand. Furthermore, 3̇F = 0 asH is independent
of F and thus this adjoint variable is constant over time, i.e.
3F (t) ≡ 3F (T ) ,∀t ∈ [0,T ]. With the derivation from the

4Dependencies of the functions are neglected for readability.
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appendix, the adjoint equations are then given by

3̇Xp = −

(
∂f
∂x

)T

3Xp − 2R−1
∂h̄
∂x
Xp

∂8(F)
∂F

, (41)

with 3Xp (T ) = 0 and

λ̇ = −

(
∂f
∂x

)T

λ

− vec
(

3T
xp

∂2f
∂x∂x

Xp

)
− vec

(
3T
xp

∂2f
∂x∂p

)
− 2 vec

([
∂8(F)

∂F

]T
HT
Ȳp
R−1

∂HȲp
∂x

)
. (42)

where the second and third terms are tensor contractions5

over the second derivatives of f with the adjoint and
sensitivity matrices. The last term is a contraction over the
Fisher adjoint, output sensitivities, and their state derivatives.

1) FORWARD–BACKWARD–SWEEP
If the optimal control problem is well-posed, the variation
with respect to the adjoint variables is zero and δJ = δL.
The variation with respect to the control variables is given by

δuL =
∫ T

0

(
∂H
∂u

)
δudt. (43)

In the optimal point u⋆ this variation is zero. As the optimal
control problem is assumed to start somewhere different
from the optimal point u0 ̸= u⋆, we can use the first
order optimality condition to obtain a gradient estimate. This
procedure is known as the forward-backward-sweep [43],
[44], [45], [46], [47]. If the input u is applied to the system, the
cost functionJ can be parameterized only by uwhen solving
the dynamics forward in time. Then the adjoint equations can
be solved backward in time, leading to the adjoint variables
λ, 3Xp , 3F over the horizon. Then the reduced gradient can
be estimated with first order accuracy by

∇uJ (t) =
∫ T

0

(
∂H
∂u

)
dt. (44)

The derivation of the gradient of the Hamiltonian with respect
to the control variables can be found in the appendix.6

Remark 4: The forward-backward-sweep algorithm for
the gradient computation can also be accomplished by the
reverse mode of automatic differentiation [48]. This can be
useful, if the right-hand side of the system dynamics include
e.g. jumps or case statements which cannot be symbolically
differentiated. We choose to use the symbolic computations,
as e.g. CasADi does not include taking derivatives of the

5Note, that the derivatives ∂2f
∂x∂x ,

∂2f
∂x∂p ,

∂HȲp
∂x are tensors. The present

operation represents a tensor contraction, i.e., an index-wise summation
over the common dimensions of the involved tensors. For example, for a
second-order derivative tensor (∂2fi/∂xj∂xk ) and a sensitivity matrix Xp,kl ,

the contraction is given by
∑

j,k
∂2fi

∂xj∂xk
Xp,kl .

6For numerical implementation this gradient is discretized with the
trapezoidal rule and fixed length piecewise constant inputs.

trace of the inverse matrix nor the eigenvalues, as these
cannot be symbolically computed for big matrices. But the
derivative of the minimal and maximal eigenvalues with
respect to the matrix are known, thus this derivative can
be symbolically computed without effort. Nonetheless, both
symbolic differentiation and automatic differentiation are far
more efficient than computation of the gradients via finite
differences and impose significant speedup during runtime.
Remark 5: To enforce box constraints on the inputs, i.e.,

ui,min ≤ ui(t) ≤ ui,max, the unconstrained update u(t)
obtained from a gradient step can be projected onto the
feasible set (projected gradient method). The projection
operator P[umin,umax] is defined component-wise as

P[ui,min,ui,max](ui(t)) := min
(
max

(
ui(t), umin,i

)
, umax,i

)
,

where u∗i (t) is the unconstrained input for the i-th input
channel, and umin,i, umax,i are the lower and upper bounds,
respectively. This projection ensures that the input always
satisfies the box constraints.

VII. CASE STUDY—A THERMAL PROCESS EXAMPLE
In the following consider the problem of jointly estimating
states and parameters for a thermal conduction process as
provided by the Arduino-based temperature control lab [49].
The system consists of two coupled heating devices with
temperature sensors and can be modeled using classical
energy balances considering heat transport by conduction and
radiation, leading to the following model

mcpṪ1 = UA12(T2 − T1)+ σϵA12(T 4
2 − T

4
1 )

+ UAs(Ts − T1)+ σϵAs(T 4
s − T

4
1 )+ α1u1 (45a)

mcpṪ2 = UA12(T1 − T2)+ σϵA12(T 4
1 − T

4
2 )

+ UAs(Ts − T2)+ σϵAs(T 4
s − T

4
2 )+ α2u2 (45b)

with T1,T2 being the temperature of subsystem 1 and 2,
respectively, m the associated mass, specific heat capacity
cp, U the heat transfer coefficient, A12 the interchange area
between subsystem 1 and 2, σ the Stefan Boltzmann (heat
radiation) constant, ϵ the emissivity of the material, As the
ambient interface area, Ts the ambient temperature, α1, α2 the
input gain coefficients associated with the heating elements
with activation value u1, u2 ∈ U := [0, 100].

Some of the parameters can be identified well by the
manufacturer, while others show some variations and should
be identified accordingly using experimental data. For this
purpose, in the following the parameter vector is split into the
two components pk (known) and p (unknown). In the present
study we consider

p :=
[
U A12 As α1 α2

]T
∈ Rnp
+ , (45c)

with np = 5. In the following we consider that both
temperatures are measured, i.e.

yi = Ti + vi, i = 1, 2, vi ∼ N (0, ri) (45d)

with normally distributed measurement noise vi and ny = 2.
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FIGURE 1. Structure graph associated to the extended system
dynamics (5) (left) and the one with additional measurement vertices
associated to the time derivatives of the outputs (right).

A. STRUCTURAL OBSERVABILITY ANALYSIS
As can be seen by inspecting the structure graph of the
extended dynamics (5) for the case at hand, as shown in
Fig. 1 (left) there are no information paths from the parameter
vertices towards other vertices, implying that they are acting
as information sinks. The next step is to consider the time
derivatives of the outputs as additional information sources.
Choosing the example-specific augmented measurements as{

y1, y2, ẏ1, ẏ2, ÿ1
}
, (46)

it can be seen, that the structural rank condition can be
verified by analyzing the extended structure graph is shown
in Fig. 1 (right), from which it becomes clear that all vertices
can now be reached by information paths starting from the
five output vertices, considering r1 = 2 and r2 = 1, yielding
M = 5 = np by (13). The new connections are colored
in blue. The evaluation of the structural rank condition (11)
based on (46) actually leads to

s− rank
[
Jz
Hz

]
= s− rank

∗ ∗

0 0
∗ 0

 = nx + ny (47)

s− rank
[

Jz
Hz,e

]
= s− rank


∗ ∗

0 0
∗ 0
∗ ∗

 = nx + 2ny + 1︸ ︷︷ ︸
=np

(48)

showing that in principle, by including the time derivatives
of the measurements it is possible to satisfy the condition for
local structural observability.

Having the above structural observability analysis as
point of departure, and in particular the fact that the time
derivatives of the outputs are required in addition to the direct
measurements of the two temperatures T1,T2, the proposed
state and parameter estimation scheme proposed here consists

in first estimating the time derivatives ẏ1, ẏ2, ÿ1 of the outputs
using exact differentiation (see Section IV) and then using the
extended measurement vector

ye :=

 y
ẏ
ÿ1

 = he(z) =

 h(z)
Lf h(z)
L2f h1(z)

 (49)

in an extended Kalman filter discussed in Section V.

B. ALGORITHM
In the following, we outline the steps of the proposed
closed-loop MPC Algorithm 1 for optimal input design and
joint state and parameter estimation. In the implementation
of the numerical study and the experimental study, the
D-optimality criterion is chosen for optimization. For noisy
measurements, a discrete-time moving average filter with
forgetting factor α of the form [50]

ϖk = αϖk−1 + 1, (50a)

ŷk =
(
1−

1
ϖk

)
ŷk−1 +

1
ϖk

y(tk ) (50b)

can be applied on a finer grid with the measurements
y(k1tmeas). The system dynamics are propagated forward
in time using a fourth-order Runge–Kutta (RK4) scheme
on a refined time grid of 1tmpc/nSub, while the adjoint
equations are integrated backward in time using an explicit
Euler scheme. The control inputs are held constant over each
MPC sampling interval 1tmpc, and the prediction horizon
is given by Tp = N 1tmpc. For convenience, we define a
control interval Tc = M 1tmpc, M < N over which the
optimizer may treat the inputs as a block for warm-starting or
updating. This results in a piecewise-constant input trajectory
u⋆(t), which may change every 1tmpc, defined for t ∈
[k 1tmpc, (k + 1)1tmpc], k = 0, 1, . . . , kmax.

The optimization is done within Matlab with fmincon
and the interior–point optimizer. For warm starting the opti-
mizer, the piecewise-constant control sequence of horizon
length Nh is shifted forward byM control intervals. The first
M control inputs are discarded, and the last control action
uNh−1 is repeated for the remainingM time instances 1tmpc.
This shift operation can be written as

U =


u0
u1
...

uNh−2
uNh−1

 H⇒ Srep,M (U ) =



uM
uM+1

...

uNh−1
uNh−1

...

uNh−1


, (51)

where the last control uNh−1 is repeatedM times.
The convergence of the optimization can be monitored

by checking the optimality conditions of the Hamiltonian,
specifically ensuring that the gradient of the cost function
with respect to the control inputs is smaller than a pre–defined
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threshold, i.e. ∫ Tp

0

∥∥∥∥∂H
∂u

∣∣∣∣
u=u∗

∥∥∥∥ dt < ϵ.

Additionally, the change in the cost function value between
iterations can be used as a convergence criterion. If the
change is below a predefined threshold, the algorithm can
be considered to have converged. For real–time capability,
a suboptimal solution can be accepted after a fixed number
of iterations Nmax or a maximum computation time tmax,
ensuring that the control input is updated within the required
time frame.

Having a suitable estimate ẑ(t) = [x̂T(t) p̂T(t)]T, one
can solve an associated moving horizon optimal predictive
control problem considering a prediction horizon Tp and
control horizon Tc ≤ Tp, over which the calculated
control law will be implemented before a new prediction
and optimization step starts with p̂u,k := p̂u(kTc) and
x̂(kTc), p̂u(kTc) provided by the estimates at t = kTc from
the estimator (21) with (14).

C. SIMULATION RESULTS
Algorithm 1 is implemented using Matlab–Simulink with
control update time step of 1tmpc = 300 s for the
MPC, prediction horizon Tp = 3000 s, control horizon
Tc = 900 s and time grid refinement factor nsub = 8.
For gradient estimation the system state χ is forwards
propagated with piecewise constant inputs with Runge–Kutta
4 discretization. The backwards solution of the adjoint
equations for λ, 3Xp , 3F is implemented with explicit Euler
discretization backwards in time.

The optimization is carried out as interior–point optimiza-
tion within fmincon, where the gradients are computed
by the forward-backwards-sweep with the constant input
approximation of (44) via trapezoidal rule.
The exact differentiator is implemented using its

discrete-time equivalent as proposed in [23]. Here, the
uniform robust exact differentiator was chosen in the Matlab
toolbox with the parameter set r = 1, filter order 2 and
µ = 10. The smoothing of the input was carried out using
a fourth order filter with ω = 0.1 to ensure smoothness of the
derivative estimates. The first two derivatives of y1 and the
first derivative of y2 are estimated with the uniform robust
exact differentiator. The measurement sampling times are
set to 1t = 1tmeas = 1 s. The EKF parameters were
subject to tuning and resulted in P0 = blkdiag[Px,0,Pp,0]
with Px,0 = I2 and

Pp,0 = diag
[
3.5 · 10−512 · 10−41 · 10−55 · 10−5

]
.

Furthermore we set Q = blkdiag[Qx ,Qp] with Qx =
0.01I2 and Qp = 0 and R = 2I5 · 10−6 in the noise–free
case with identity matricies Ik ∈ Rk×k . The measurement
covariance should only compensate for discretization errors
of the simulation in the noise–free case. The initial conditions

Algorithm 1 Closed-Loop MPC for Optimal Input Design
and Joint State/Parameter Estimation
Require: Initial state estimate x̂0, parameter estimate p̂0,

initial input trajectory u0(t), time step1t , time grid refine-
ment factor nSub, control update time step 1tmpc, control
horizon Tc = M1tmpc, prediction horizon Tp = N1tmpc,
experiment duration Nmax, input constraints umin,umax,
smoothing parameters ku, kd , κi, EKF parametersP0,Q,R,
forgetting factor α.

Ensure: Piecewise constant optimal input trajectory u∗,
updated state and parameter estimates
for each control interval N = 1, 2, . . . ,Nmax do

Measurement: Acquire output measurements y(tk )
Filtering: Apply moving average filter (50) to mea-

surements y(tk ), ŷk ← MA(ŷk−1, y(tk ), α)
Sliding Mode Differentiation: Estimate output

derivatives ŷ(lk )(tk ) using robust exact differentiator based
on moving averaged measurements ŷk

State/Parameter Estimation: Update state and
parameter estimates (x̂(tk ), p̂(tk )) using EKF with
extended output ye = [y(tk ); ˆ̇yk ; . . . ŷ

(lk )]
Prediction: Predict future state and parameter trajec-

tories over horizon Tp using current estimates
Sensitivity Analysis:Compute sensitivity matricesXp,

Ȳp and Fisher information F along predicted trajectory
MPC Optimization: Solve discretized

min
u

8(F(Tp))

subject to system dynamics and input constraints umin ≤

u ≤ umax.
Initial guess/Warm start: choose feasible input

sequence U (0) (e.g. shift previous solution or nominal),
then enforce feasibility

U (0)
← P[umin,umax](U

(0)).

Start with i = 1:
while not converged do

Compute Fisher information Fi (28)
Compute cost Ji (31)
Compute gradient ∇Ji (44)
Update input trajectory based on fmincon

interior–point optimization
i← i+ 1

end while
Input Smoothing: Apply input filter (37) to ensure

smooth input
Apply Control: Implement input u(t) over control

horizon Tc
Shift Control (warm start): Get next initial guess

U (0)
next by applying (51)
Update MPC initial condition: Get starting point

x̂(N1tmpc) for prediction based on EKF state estimate
end for
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FIGURE 2. Smoothed optimal input signal for the simulation.

FIGURE 3. Relative parameter errors for the simulation in percent.

were set to T1,0 = Ta + 2 K and T1,0 = Ta − 2 K. The
initial nominal parameter errors are 10 percent. As there is
no noise present, no moving average filter is employed in
the simulation. The used parameters for the simulation can
be found in Table 1.

The correction via the EKF with the derivatives is enabled
after τ = 100 s, as there the derivative estimations converged.
The resulting optimal input is depicted in Fig. 2, the scaled
absolute parameter errors

ei(t) =

∣∣∣∣ p̂i(t)− pipi

∣∣∣∣ · 100%
in Fig. 3 and the derivative estimations in Fig. 4.

D. EXPERIMENTAL VALIDATION
The proposed scheme for online optimal input design for
joint state and parameter estimation was implemented using
the Arduino-based temperature control lab [49]. Here again,
Algorithm 1 is implemented using Matlab–Simulink with
sampling interval of 1tmpc = 300 s, prediction horizon Tp =
3000 s, control horizon Tc = 900 s and time grid refinement
factor nsub = 8. The exact differentiator is implemented using
its discrete-time equivalent as proposed in [23]. Here, the
uniform robust exact differentiator was chosen in the Matlab
toolbox with the parameter set r = 1, filter order 2 and
µ = 100. The smoothing of the input was carried out using
the same fourth order filter as in the simulation.

The initial parameter values were taken from the literature
(see, e.g., [49]). The ambient temperature during the exper-
iment was around Ta = 23◦ C. The initial conditions for

FIGURE 4. Derivative estimations for the simulation.

T1 = T2 were set to Ta, representing the equilibrium point
for u = 0. The covariance of the EKF was initialized with

P0 = diag
[
0.01, 0.01, 1 · 10−4, 2 · 10−4, 1 · 10−2,

2 · 10−3, 2 · 10−3
]
,

process noise covariance matrix

Q = diag([1, 1, 0, 0, 0, 0]) · 10−3,

and measurement covariance matrix

R = diag([1, 1, 0.5, 0.5, 0.25]).

A moving average filter with forgetting factor α = 0.9 was
applied to the measurements to be able to better estimate
the time derivatives in the quantized measurement signals
of the temperature control lab sensors. The measurement are
acquired at1tmeas = 0.2 s and the sliding mode differentiator
and EKF are updated at a rate of 1test = 1 s. Like in the
simulation study, the correction via the EKF is enabled after
τ = 100 s, as there the derivative estimations converged.

The results for the closed loop identification problem
applied to the real experiment are depicted in Figs. 5 to 7.
The optimal piecewise constant inputs obtained by solving
the optimization problem within Algorithm 1 are smoothed
and the filtered inputs with the resulting state estimates from
the EKF (bottom) are shown. In Fig. 6 the noisy derivative
estimates are depicted with estimation delay τ . Similarly, the
parameter estimates are depicted in Fig. 7. Here the parameter
estimates (blue lines) are shown with associated ±3

√
Pii

certainty interval (green dotted lines) calculated from the
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FIGURE 5. Smoothed optimal input signals and state estimates for the
experimental validation. The EKF state estimates are shown in blue
(continuous lines) and the measurements in orange (dotted lines).

FIGURE 6. Derivative estimations for the experimental validation.

solution of the Ricatti equation in the EKF (21). It should
be noted, that the covariance is additive in the logarithmic
space, which together with the parameter estimate has to be
transformed back to the linear space for the plots.

FIGURE 7. Parameter estimates and 3σ confidence intervals for the
experimental validation.

For the evaluation of the obtained parameters the mean
value p̄ of the last 400 s was considered, to filter out
measurement noise propagation and fluctuations. The values
for p̄ and pk are depicted together with the simulation
parameters psim in Table 1.
The obtained parameters p̄ were then used in a simulation

run, using the previous values u∗ from the experiment
and measured ambient temperature values. The resulting
temperatures are compared to the experimental ones. These
results are shown in Figure 8 (blue continuous lines) together
with the measurements from the preceding experiment (black
dotted lines). One observes a relatively good fit during the
complete run, with some offset during strong transients.
To further evaluate the quality of fit the root mean squared
error (RMSE) and the maximum deviations were calculated
and summarized in Table 2.
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TABLE 1. Parameter values for simulation and experiment.

FIGURE 8. Experimental results (orange dotted lines) and simulation
without EKF correction (blue continuous lines) using optimized parameter
values and the experimental input.

TABLE 2. Fitting results from the experimental evaluation.

VIII. CONCLUSION
The problem of optimal input design for joint state and
parameter estimation is discussed for nonlinear affine-input
systems with positive parameters. It is shown, that with
incorporation of output derivative estimates the structural
observability improves and therefore a sufficient condition
of the identifiability can be fulfilled. For the derivative esti-
mation, higher-order sliding mode differentiators are chosen.
Furthermore, to ensure parameter positivity a transformation

is employed and a continuous-discrete time EKF is designed
for parameter estimation. For optimal input design, a metric
based on the Fisher information is chosen and the first-order
optimality conditions are derived to subsequently solve the
system and its adjoint states in forward-backwards mode and
give a symbolically calculable gradient within the forward-
backwards-sweep method.

This general scheme is tested in simulation and exper-
iment on a thermal conduction process consisting of two
coupled heating elements and two temperature sensors.
A model based on energy balances is employed with five
unknown parameters, which are estimated online using the
positive EKF, enriched by the information of the time
derivative estimation of the measured outputs. The structural
identifiability is established for the considered setup with
the additional measurement information. The optimal input
design is based on an moving horizon optimal control scheme
with discretized and smoothed inputs. These smoothed in
order to ensure the desired convergence behavior of the output
differentiator. The numerical study shows the convergence
speed of the algorithm in the noise–free case. The functioning
of the proposed scheme is then experimentally evaluated
using the Arduino-based temperature control lab, leading to
convincing results.

The proposed method can easily be adapted for other
systems, by considering the structural identifiability condi-
tion based on structural observability analysis and output
differentiation, taking into account that the input signals
are sufficiently smoothed. For large scale models, the usage
of automatic differentiation instead of the symbolic adjoint
computations for gradient estimation would be needed to be
computational efficient.

APPENDIX
DERIVATION OF THE ADJOINT EQUATIONS
A. SECOND ADJOINT EQUATION
Plugging in the definitions of the dynamics of the adjoint
sensitivity state variables (39) yields

3̇Xp = −
∂

∂Xp
tr
(

3T
Xp

∂f
∂x
Xp

)

−
∂

∂Xp
tr

∂8(F)
∂F

T
(

∂h̄
∂x
Xp

)T

R−1
(

∂h̄
∂x
Xp

) .

The linear form has the derivative [51]

−
∂

∂Xp
tr
(

3T
Xp

∂f
∂x
Xp

)
= −

(
∂f
∂x

)T

3Xp ,

and the quadratic form under the cyclic properties of the trace
has the derivative [51]

∂

∂Xp
tr

∂8(F)
∂F

T
(

∂h̄
∂x
Xp

)T

R−1
(

∂h̄
∂x
Xp

)
= 2R−1

∂h̄
∂x
Xp

∂8(F)
∂F

.
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B. FIRST ADJOINT EQUATION
The adjoint equation for the system states (42) arises from

∂H
∂x
=

∂

∂x

[
λTf (x, p)+ tr

(
3T
Xp

[
FXp (Xp, x, p,u)

])
+ tr

(
3T
F

[
HT
Ȳp
(Xp, x, p,u)R−1HȲp (Xp, x, p,u)

]) ]
.

With the jacobian being the transpose of the gradient compute

∂

∂x
λTf (x, p) =

(
∂f
∂x

)T

λ.

Additionally, the sum formula for the Frobenius inner product
gives

tr(3T
XpFXp ) =

nx∑
i=1

np∑
j=1

3
ij
Xp F

ij
Xp ,

tr(3T
FH

T
Ȳp
R−1HȲp ) =

nx∑
i=1

np∑
j=1

3
ij
F
(
HTR−1H

)ij
,

where F ijXp is the (i, j)-th entry of the matrix FXp ∈ Rnx×np .
The derivatives with respect to x are given by

∂

∂x
tr(3T

XpFXp ) =
nx∑
i=1

np∑
j=1

3
ij
Xp

∂F ijXp
∂x

,

and

∂

∂x
tr
(
3T
F [H

T
Ȳp
R−1HȲp ]

)
=

np∑
i=1

np∑
j=1

3
ij
F

∂

∂x

(
HT
Ȳp
R−1HȲp

)ij
,

=

np∑
i=1

np∑
j=1

(
∂8(F)

∂F

)ij
∂

∂x

(
HT
Ȳp
R−1HȲp

)ij
,

Explicitly computing the derivative of F ijXp leads to

∂F ijXp
∂x
=

∂

∂x

(
∂f
∂x

(x, p)Xp +
∂f
∂p

(x, p)+
nu∑
k=1

∂gk
∂p

(p)uk

)ij

=

[
∂F ijXp
∂x1

∂F ijXp
∂x2

· · ·
∂F ijXp
∂xnx

]T
,

where each component is given by

∂F ijXp
∂xk
=

nx∑
s=1

∂2fi
∂xk∂xs

(x, p)Xp,sj +
∂2fi

∂xk∂pj
(x, p)

For the third part expand the (i, j) entry of the matrix product
HTR−1H as(

HT
Ȳp
R−1HȲp

)ij
=

ny∑
k=1

ny∑
l=1

H ki
Ȳp
(R−1)klH

lj
Ȳp

.

Differentiation with respect to the state vector component xk
gives

∂

∂xk

(
HT
Ȳp
R−1HȲp

)ij

=

ny∑
l=1

ny∑
m=1

∂H li
Ȳp

∂xk
(R−1)lm Hmj

Ȳp
+ H li

Ȳp
(R−1)lm

∂Hmj
Ȳp

∂xk

 .

For each entry of H compute

∂H ij
Ȳp

∂xk
=

nx∑
r=1

∂2h̄i
∂xk∂xr

(x, p)Xp,rj +
∂2h̄i

∂xk∂pj
(x, p)

+

nu∑
s=1

∂2ks,i
∂xk∂pj

(x, p) us.

This leads us to
∂

∂xk

(
HT
Ȳp
R−1HȲp

)ij
=

ny∑
m=1

ny∑
l=1

(R−1)ml
{[ nx∑

r=1

∂2h̄m
∂xk∂xr

Xp,ri +
∂2h̄m
∂xk∂pi

+

nu∑
s=1

∂2ks,m
∂xk∂pi

us

]
H lj
Ȳp
+ Hmi

Ȳp

[ nx∑
r=1

∂2h̄l
∂xk∂xr

Xp,rj

+
∂2h̄l

∂xk∂pj
+

nu∑
s=1

∂2ks,l
∂xk∂pj

us

]}
.

With this, the derivative of λk is given by

λ̇k = −

nx∑
i=1

λi
∂fi
∂xk
−

nx∑
i=1

np∑
j=1

nx∑
r=1

3 ij
xp

∂2fi
∂xk∂xr

Xp,rj

−

nx∑
i=1

np∑
j=1

3 ij
xp

∂2fi
∂xk∂pj

−

np∑
p=1

np∑
q=1

ny∑
m=1

ny∑
l=1

(R−1)ml
(

∂8(F)
∂F

) pq

×

{[ nx∑
r=1

∂2h̄m
∂xk∂xr

Xp,rp +
∂2h̄m

∂xk∂pp
+

nu∑
s=1

∂2ks,m
∂xk∂pp

us
]
H lq
Ȳp

+ Hmp
Ȳp

[ nx∑
r=1

∂2h̄l
∂xk∂xr

Xp,rq +
∂2h̄l

∂xk∂pq
+

nu∑
s=1

∂2ks,l
∂xk∂pq

us
]}

.

C. HAMILTONIAN CONTROL GRADIENT
The control gradient is given by

∂H
∂u
=

∂

∂u

[
λT

(
f (x, p)+

nu∑
i=1

gi(p)ui

)
+ tr

(
3T
Xp

[
FXp (Xp, x, p,u)

])
+ tr

(
3T
F

[
HT
Ȳp
(Xp, x, p,u)R−1HȲp (Xp, x, p,u)

]) ]
.

Componentwise this can be written for the r-th control input
ur from the different input–dependent parts. First

∂

∂ur

(
λT

nu∑
s=1

gs(p)us
)
= λTgr (p).
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Second

∂

∂ur
tr(3T

xpFxp ) =
nx∑
i=1

np∑
j=1

3 ij
xp

∂

∂ur
F ij
xp ,

=

nx∑
i=1

np∑
j=1

3 ij
xp

∂(gr )i
∂pj

(p).

The third contribution comes from the quadratic form
inHȲp , using the product rule for the derivative of a quadratic
form

∂

∂ur
tr(3T

FH
T
Ȳp
R−1HȲp ) = tr

(
3T
F
[
(∂urHȲp )

TR−1HȲp

+ HT
Ȳp
R−1(∂urHȲp )

])
,

where the component-wise derivative in the matrix is(
∂

∂ur
HȲp

)ab
=

∂kr,a
∂pb

(x, p).

This gives

∂

∂ur
tr(3T

FH
T
Ȳp
R−1HȲp ) =

np∑
p=1

np∑
q=1

ny∑
a=1

ny∑
b=1

3
pq
F (R−1)ab

×

[∂kr,a
∂pp

(x, p)Hbq
Ȳp
+ Hap

Ȳp

∂kr,b
∂pq

(x, p)
]
.

As 3F is symmetric, the two terms can be combined into a
symmetric factor, giving

∂H
∂ur
= λT(gr (p))+

nx∑
i=1

np∑
j=1

3 ij
xp

∂(gr )i
∂pj

(p)

+ 2
np∑
p=1

ny∑
a=1

[ np∑
q=1

ny∑
b=1

(R−1)ab 3
pq
F Hbq

Ȳp

]
∂kr,a
∂pp

(x, p).

(52)

With this, the gradient of the Hamiltonian with respect to the
control inputs can be computed by stacking the components
of (52) for each control input ur . This leads to the gradient

∇uJ (t) =
∫ T

0

(
∂H
∂u

)
dt =

∫ T

0

[
∂H
∂u1

· · ·
∂H
∂unu

]T
dt.
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