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Abstract

Two-phase experiments are widely used in many areas of science (e.g., agriculture, industrial engineering, food processing,
etc.). For example, consider a two-phase experiment in plant breeding. Often, the first phase of this experiment is run in a
field involving several blocks. The samples obtained from the first phase are then analyzed in several machines (or days,
etc.) in a laboratory in the second phase. There might be field-block-to-field-block and machine-to-machine (or day-to-day,
etc.) variation. Thus, it is practical to consider these sources of variation as blocking factors. Clearly, there are two possible
strategies to analyze this kind of two-phase experiment, i.e., blocks are treated as fixed or random. While there are a few studies
regarding fixed block effects, there are still a limited number of studies with random block effects and when information of
block effects is uncertain. Hence, it is beneficial to consider a Bayesian approach to design for such an experiment, which is
the main goal of this work. In this paper, we construct a design for a two-phase experiment that has a single treatment factor,
a single blocking factor in each phase, and a response that can only be observed in the second phase.

Keywords A-optimality - Bayesian optimal designs - Bayesian two-phase designs - Efficiency factors - Hill climbing -

Quadrature rules - Linear mixed models

1 Introduction

Several kinds of experiments in agriculture, industry, food
science, or bio-engineering are performed in two phases. For
example, consider an experiment in plant breeding where the
first phase is run in a field and the second phase is run in a
laboratory. The samples obtained from the field are analyzed
in the laboratory for further evaluation. Commonly, the first
phase is done in multiple field blocks, while the second phase
is performed with multiple machines or is performed in sev-
eral days. In this example, it can be seen that the effects of
interest (e.g., varieties or treatments) cannot be assessed in
the first phase, but must be evaluated in the second phase. We
call designs for such experiments two-phase designs (Brien
1983; Curnow 1959; MclIntyre 1955; Wood et al. 1988). Fur-
thermore, we expect that there is field-block-to-field-block
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and machine-to-machine (or day-to-day, etc.) variation. In
experimental jargon, these sources of variation are called
blocking factors and the factors of interest are called treat-
ment factors. In this example, each phase has its own block
structure and these must be combined to form the proper
analysis. Therefore, optimal two-phase designs must take the
treatment factor(s) and the two blocking factors into account
simultaneously.

It is well known that optimal designs depend on the sta-
tistical linear (or nonlinear) model envisioned for analysis
(Atkinson et al. 2007). In the example above, two possible
analytical strategies could be considered. With both strate-
gies, the effects of interest are commonly considered as fixed,
while different assumptions are made for the effects of the
two blocking factors. In particular, the first one assumes
the effects of blocks in both phases as fixed. This model is
referred to as a linear fixed-effects model. The second one
assumes the effects of blocks in both phases as random. This
model is referred to as a linear mixed model. Under this
model, the variances of random block effects and random
residual errors are called variance components (Searle et al.
2009). In plant breeding, the second analytical strategy is
commonly used because (i) the numbers of blocks in both
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phases might be large enough for the block variances to be
estimated with sufficient accuracy, and (ii) block effects in
both phases might be small. Hence, there may be substantial
gains to be achieved by recovering the inter-block informa-
tion (Yates 1939). The second strategy will be our focus in
this paper.

There are several types of two-phase experiments in the
current literature. For example, Jarrett and Ruggiero (2008)
considered an application of two-phase experiments in gene
expression microarrays, while Brien (2017) showed several
applications of two-phase experiments, e.g., in plant pathol-
ogy, greenhouse chamber experimentation, product storage,
sensory evaluation, and laboratory analysis of crops. These
applications involve single or multiple treatment factors, and
single or multiple blocking factors in each phase. We refer to
these two papers for those who are unfamiliar with applica-
tions of two-phase experiments in practice. In this paper, we
limit our attention to a type of two-phase experiment where
there is only a single treatment factor and a single blocking
factor in each phase, which will be defined in more detail in
Sect. 2.

In the current literature, there are only a few studies regard-
ing constructing optimal two-phase designs under a linear
fixed-effects model and a linear mixed model (Smith et al.
2006, 2015; Brien 2019; Vo-Thanh et al. 2022). When con-
structing optimal two-phase designs under a linear mixed
model, we are often required to specify values of variance
components, see Smith et al. (2006). Thus two-phase designs
found under the linear mixed model are then optimal for
these given values of variance components. In practice, how-
ever, these values are rarely known exactly before analyzing
the data collected from an experiment, even though it may
be possible to state a plausible range of values before an
experiment. Furthermore, optimal designs found at given val-
ues of variance components might not be optimal at other
values of variance components (Shah and Sinha 1989, Chap-
ter 5). Hence, it is practical to construct optimal two-phase
designs for a range of plausible values of variance compo-
nents, referred to as robust two-phase designs. This task will
be the focus of our work. To the best of our knowledge,
there are no studies regarding finding such robust two-phase
designs.

Two-phase designs often have complex blocking struc-
tures (e.g., non-orthogonal) when the block sizes in both
phases are different. This will make the problem of searching
for optimal two-phase designs more challenging. Therefore,
it is advantageous to identify a suitable combined blocking
pattern in both phases. Then the question is how to find a
good allocation of treatments to this pattern. Vo-Thanh et al.
(2022) studied extensively a nested row-column structure and
showed that this pattern is indeed good for two-phase designs
under a linear fixed-effects model. They have not, however,
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considered this approach for constructing two-phase designs
under a linear mixed model.

Studying robust two-phase designs requires a prior knowl-
edge of variance components. The prior knowledge could be
based on a well-educated guess or historical data of two-
phase experiments. Here we assume that we do not have
specific values for the variance components and we want
to construct robust two-phase designs from scratch. There-
fore, we consider various prior distributions for the variance
components (Mylona et al. 2014; Goos and Mylona 2018),
implementing these in a Bayesian framework (see a detailed
review in Chaloner and Verdinelli (1995)). One of the major
challenges with the Bayesian approach is that it is com-
putationally expensive to get a good approximation for a
Bayesian optimality criterion. Often, evaluating this requires
integral techniques. Several works have utilized a quadrature
approach to approximate the Bayesian criterion for study-
ing several design problems such as designs with nonlinear
models, and blocked and split-plot designs with linear mixed
models (Gotwalt 2010; Gotwalt et al. 2009; Mylona et al.
2014). In this paper, we will use this approach to get a good
approximation for the Bayesian criterion.

Several issues are studied in this paper. First, we propose
a simple expression for computing the treatment information
matrix for two-phase designs under a linear mixed model and
a nested row-column pattern. Second, we derive an update
formula to compute a generalized inverse of the treatment
information matrix when finding optimal two-phase designs.
Third, an overall efficiency factor and a Bayesian criterion
are proposed to rank a two-phase design for given values of
variance components and for a range of plausible values of
variance components, respectively. From the literature, we
will study three prior distributions, i.e., uniform, log-normal,
and half-Cauchy distributions for variance components. We
propose an approximation to compute the Bayesian criterion
which is based on quadrature rules. We compare our proposed
approximation with existing methods used for computing
multidimensional integrals. We utilize the search framework
proposed in Vo-Thanh and Piepho (2022) to find Bayesian
optimal two-phase designs. We implement our work in a
package for given values of variance components as well as
for a range of plausible values of variance components with
customized weights assigned for given values of the variance
components. Finally, we derive two useful theorems when
considering two-phase designs that can be constructed from
balanced incomplete block designs.

Section 2 reviews a linear mixed model and proposes a
simple expression for the treatment information matrix of
two-phase designs under this model and the nested row-
column pattern. Section 3.1 proposes an overall efficiency
factor to rank a two-phase design for given values of variance
components. This is then extended to a Bayesian criterion
which ranks two-phase designs for arange of plausible values
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of the variance components (Sect. 3.2). Section 3.3 consid-
ers several choices of prior distribution. Section 4 proposes
several approximations for the Bayesian criterion computed
under the three prior distributions mentioned above. Sec-
tion 5 evaluates our proposed approximation and compares
this with existing methods. In Sect. 6, we briefly describe a
general search algorithm to find optimal Bayesian two-phase
designs. In Sect. 7, we illustrate the search algorithm for vari-
ous examples. Section 8 considers two-phase designs that can
be found from balanced incomplete block designs and derives
two useful theorems under this case. Section 9 concludes the
paper along with suggestions for potential extensions of our
work.

2 Linear model and information matrix

Suppose that we wish to arrange v treatments with r repli-
cations in by blocks of size k; in the first phase (Phase 1).
In the second phase (Phase 2), the n = vr samples are then
arranged in b, blocks of size k>. The major challenge is to
find a good allocation of treatments to blocks in both phases.
In the following sections, we consider a linear model and an
information matrix for this design problem.

2.1 Linear model

The linear model for our design problem is written as:
y=1liu+Xt+7Z18 + 72, +e, ey

where y is an n x 1 response vector, 1, is an n x 1 vector of
ones, i is a general mean, X is an n X v design matrix for
treatment effects, T is a v x 1 vector of unknown treatment
effects, Z1 and Z, are n x by and n x by design matrices for
block effects in both phases, §; and 8, are b x 1 and by x 1
vectors of unknown block effects in both phases, and € is an
n x 1 vector of unknown random residual errors. We assume
that the expected value of € is zero and the covariance matrix
of € is var(e) = 0021,,, where 002 is a constant variance of
responses and I, is an identity matrix of size n. In the rest of
this paper, we will assume that the effects of blocks in both
phases are treated as random, while the treatment effects are
treated as fixed. Under this assumption, model (1) is also
called a mixed model (Searle et al. 2009, Chapter 1).

2.2 Information matrix

Let var(8;) = 0121171 and var(f,) = 0221;,2. The treatment
information matrix for model (1) can be written as:

C,n = X'PX, )

where P = V-! — v-Il,Jv-l1,)~-"1]v-l v =
)/1Z1Z1T + )/2Z2Z2T + I, 1 = 012/08 , Y2 = 022/002, and
v1, 2 € [0; +00).

As mentioned earlier, Vo-Thanh et al. (2022) studied two-
phase designs with several blocking patterns under the linear
fixed-effects model. They showed that in a few special cases,
two-phase designs obtained under a nested row-column pat-
tern are indeed optimal. This still holds for designs obtained
under the linear mixed model considered in this paper, where
it is indeed sufficient to use a block design in one of the
two phases to construct a two-phase design (e.g., see Sect. 7
and Brien et al. 2011, Big with Big). In complex cases,
designs obtained under different blocking patterns (e.g., non-
orthogonal blocking pattern) yield slightly better designs,
compared to those obtained with a nested row-column pat-
tern. However, in general, they showed that efficiencies of
two-phase designs obtained under a nested row-column pat-
tern do not differ much from those obtained under different
blocking patterns. Thus, in this paper, we will limit our atten-
tion to two-phase designs under this pattern. This also implies
C,,y, and the inverse of V can be expressed in tidy forms, as
will be shown subsequently. Therefore, C,,,, can be easily
computed.

The nested row-column pattern is described as follows.
Let p = gcd(by, b2), and g = ged(ky, kz), where ged is the
greatest common divisor. After some algebra, we have n =
pqbipbyy, = biky = boka, where by, = b1/p, and by, =
by/p. Moreover, it is elementary to show that by = pby,,
by = pbyp, k1 = qbsp, and ky = gby ). From these facts, we
can use a nested row-column pattern involving p superblocks
(rectangles), each of which has b1, rows and by, columns.
Rows in superblocks are blocks in Phase 1, while columns in
superblocks are blocks in Phase 2. The intersection between a
row and a column contains g experimental units. This pattern
will be illustrated in Sect. 5 (Example I). Under the nested
row-column pattern, the design matrices for the block effects
in both phases can be represented as:

7, = Ip ® Iblp ® lqbzp and

3
7 =1,® lblp ® Ib2p ®1,,

where ® is a Kronecker product. Thus, V can be written as:

V=" @)
® (V]Iblp ®qu2p + szblp ® Ib2p ® Jq + Ithph2p)’

where Jgb,,, Jb,,,» and J; are square matrices of ones of sizes
qbzp, b1), and g, respectively. As shown in Eq. (4), Vis a
block diagonal matrix, where any main diagonal block is a
matrix Vo = y1lp,, ® Jgb,, + v2db1, @ Iy, @ Jg +1gby 55, -
Thus, to find the inverse of V, it is sufficient to find the inverse
of Vy, which can be expressed according to the following
proposition.
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Proposition 1 Given a matrix Vo = yilp, ® Jgp,, +
2db1, ® by, ® Jg +1yb) by, there are two useful results as
shown below:

(i) The inverse of this matrix is

Val = —@ily, ® Jgby, — ©2Jb,, ® Iy, @ Jg
+ ¢3qu|pb2p + ¢4Iqb1pb2p7

&)

_ 4! — 2
where g1 = THqyibs,’ @2 = T+qy2b1y’

_ a1 y22+qyabip)
P3 = Trgmbi,) (U +ayibap) (I+abiyyatabayn)’
o4 = 1.
(ii) Furthermore,

and

VI, Vv, VL = gsT, (6)

—@1qb2p—02gb1p+@3b1pb2p+e4
n .

where @5 =

The proof of this proposition can be found in Supplemen-
tary Section A. From this proposition, C,,,, can be written
as:

Cyypp = —@ININ] — 2NoONJ

T T 2 O

+ (p3X Ip ® thlprpX + (,04X X - @sr JU?
where N; = X'Z; and N, = X Z, are the treatment-block
incidence matrices in Phases 1 and 2, respectively, and ¢; are
identified in Proposition 1 (i = 1,2, ...,5).

3 Optimality criteria and choice of prior
distribution

3.1 Overall efficiency factor

In the theory of optimal designs, it is well known that designs
can be ranked by the A-, D-, G-, I-, C- or E-optimality crite-
rion (Atkinson et al. 2007). The choice of a criterion depends
on the goal of experiments. For instance, if we are interested
in precise estimations of the model parameters, both D- and
A-optimality criteria are good choices. If we are interested in
precise predictions of the response, both /- and G-optimality
criteria are good choices. These aforementioned criteria are
prevalent and are implemented in many software packages
(e.g., JMP, SAS PROC OPTEX). When we are interested in
treatment comparisons and a fixed-effects model is used,
there is another criterion, called an overall efficiency fac-
tor (Shah and Sinha 1989, Chapter 3). It is computed based
on the average variance of the estimated difference between
pairs of treatments. It is highly preferable to rank designs for
this purpose and has a connection with A-optimality crite-
rion (Shah and Sinha 1989, Section 3.3 of Chapter 3). Shah
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and Sinha (1989, Chapter 5) extended this criterion to rank
block designs and row-column designs under a linear mixed
model. There is, however, little theoretical work on this crite-
rion under a linear mixed model. In this paper, we first utilize
this criterion to rank two-phase designs for given values of
variance components y = (yy, y2). Second, we will extend
this criterion to cover the case in which we have prior infor-
mation on y. We limit our attention to two-phase designs for
which rank(C,) = v — 1 so that all treatment comparisons
are estimable.

Given a value of y, the average variance of pairwise treat-
ment comparisons Vy is computed as:

2
0 T
y = ——(@ir(Ry) — 1, 2 1,)
v(v2 1) 8)

B 20, ()
_v—lr v

where £, is the Moore-Penrose inverse of C,, and
I,TSZY 1, = Osince erCV 1, = 0. We rank designs according
to

2
_ 20

Ay = —.
ery

©))

Generally, we seek designs that maximize A, which is
the same as minimizing Vy. From Egs. (8) and (9), it can
be seen that A) is also the harmonic mean of the non-zero
eigenvalues of %Cy. Given this connection, both criteria will
lead to A-optimal two-phase designs.

3.2 Bayesian criterion

As introduced earlier, optimal designs found at given val-
ues of variance components might not be optimal at another
set of values of variance components. Therefore, it is advan-
tageous to consider a criterion that can rank designs for a
wide range of values of variance components. To achieve
this, we develop a Bayesian criterion to rank two-phase
designs for all y € D C [0; 400) x [0; +00) = R%r,
where Ry = [0; 400). The general Bayesian criterion can
be expressed as

Ap = / / ) p(r)dy, (10)

yeD

where u(y) is a utility function and p(yp) is a prior distri-
bution summarizing our knowledge for y. In other words,
Ap is the expected utility of a design obtained by integrating
the product of the utility function and the prior for y over D
(Chaloner and Verdinelli 1995, see Eq. (1)). Our main goal
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is to maximize or minimize the expected utility, depend-
ing on the choice of the utility function. There are several
ways to choose a utility function (entropy). Here, we con-
sider u(y) = Ay and p(y) = p1(y1) p2(y2), where pi(y1)
and p>(y») are two independent priors for y; and y», respec-
tively. Thus, Eq. (10) can be written as:

Ap :// Ay p1(y1) p2(y2)dy1dys. (1D
yeD

Because 0 < ¢ < ﬁ and 0 < ¢y < qulp, it is convenient
to use ¢ = (¢1, ¢2) instead of y = (y1, y2) when deriving
an approximation of Ap (see Proposition 1). Thus, Eq. (11)
can be written as

Ap = f/ Ay 0, P1(91) p2(@2)de1den, (12)

oeD

where D is obtained by transforming D using y — ¢. As
before, designs with high Ap are preferable.

3.3 Choice of prior distribution

In Bayesian inference, selecting prior information is crucial.
Generally, there are several ways to choose a prior, such as a
noninformative, a highly informative, or a weakly informa-
tive prior. As mentioned in the introduction, in this paper, we
assume that we do not have a prior knowledge on the vari-
ance components. Therefore, we use a noninformative prior
(Liu and Wasserman 2022, Chapter 13). Noninformative
priors are often selected from known probability distribu-
tions (Liu and Wasserman 2022, Chapter 13). The history
of objective priors in Bayesian inference can be found in
Kass and Wasserman (1996) and Ghosh (2011). Consonni
et al. (2018) provided a review on the choice of prior dis-
tributions. The selection of probability distributions is often
based on improper priors (i.e., a prior probability density that
is not integrable), flat priors (or invariant priors), Jeffreys’s
prior, and conjugate priors (Liu and Wasserman 2022, Chap-
ter 13). Gelman (2006) studied a few prior distributions for
variance components for a simple hierarchical model (i.e.,
one treatment and one blocking factor), i.e., uniform, inverse-
gamma, and half-Cauchy distributions. The author showed
that the uniform distribution belongs to the class of flat priors.
The inverse-gamma and half-Cauchy distributions belong to
the class of conjugate priors, meaning that the posterior dis-
tributions of these are also inverse-gamma or half-Cauchy
distributions. The author recommended the uniform and half-
Cauchy distributions since the inverse-gamma distribution
is sensitive when the variance component approaches zero.
Furthermore, because the variance ratios (y) can only take

positive values, another possible prior distribution for y is
the log-normal distribution. For these reasons, in the next
section, we will study three prior distributions for variance
components, i.e., the uniform, log-normal, and half-Cauchy
distributions.

4 Approximations of the Bayesian criterion

It might be intractable to compute Ap because of the com-
plexity of the joint function Ay p1(¢1) p2(¢2). Therefore, it
is useful to propose an approximation for computing Ap.
There are several ways to approximate A p using numerical
integration techniques, e.g., Monte Carlo methods (based on
sequences of pseudorandom numbers), quasi-Monte Carlo
methods (based on low-discrepancy sequences), Gaussian
(or Gauss) quadrature rules (Davis and Rabinowitz 2007;
Kythe and Schiferkotter 2004; Stoer and Bulirsch 2013).
These techniques compute the numerical value of a defi-
nite integral. It is, however, time-consuming to compute Ap
using Monte Carlo and quasi-Monte Carlo methods since
they require a large number of sample points. In contrast,
Gauss quadrature rules propose well-chosen sample points
and weights corresponding to the sample points so that Ap
can be computed within a reasonable computing time. There-
fore, we will study this technique to get a numerical solution
for Ap. In the next section, we discuss how to choose quadra-
ture rules for one-dimensional integrals. We then extend this
to two-dimensional integrals in which we use a full grid to
obtain quadrature rules.

4.1 Quadrature rules for one-dimensional integrals

We study how to choose quadrature rules for a one-
dimensional integral, which is also called a univariate
integral. Suppose that we want to compute the integral
fllf ¢ (x) f(x)dx, where | and I, are scalars (I1 < [3), f(x)
is a smooth function that can be well approximated by poly-
nomials of degree 2d — 1 on the interval [/1, /5], and ¢ (x) is
a nonnegative weight function. In numerical integration, it is
well known that

I d
Iy f 2/1 ¢ f(Ddx ~ Y i f (€D, (13)
i=1

1

where d is the number of sample points used, w; are
quadrature weights and &; are the roots of a dth orthogo-
nal polynomial used for the weight function (§; is also called
abscissa or node) (Stoer and Bulirsch 2013). Depending on a
weight function, we can identify quadrature nodes and corre-
sponding quadrature weights. Here, we consider three weight
functions, i.e., ¢ (x) = 1, e‘xz, or ﬁ These weight func-
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Table 1 Gauss quadrature rules for ¢ (x) (Gautschi 2004, Table 1.1)

Interval ¢ (x) Orthogonal polynomial w;

_ . _ 2d—1 _d-1 _ _ 2

[—1,1] 1 Legendre: Ly(x) = == La—1(x) 7 La—2(x), where Lo(x) = 1and Li(x) = x 7(17512)”;@1)]2
_x2 . _ _ _ 24-lavy/m

(—00, +00) e Hermite: Hy11(x) = 2xHy(x)— 2dHy—1(x), where Hyo(x) = 1 Hj(x) = 2x P GETF

[0, +00) ﬁ Chebyshev: Ty41(x) = 2xTy(x) —Tz—1(x), where To(x) = 1, T1(x) = x 2(6,‘)%

Notice that &; are the roots of a dth orthogonal polynomial used for the weight function. (e;); are the first components of the eigenvectors of Jacobi

matrices (Trefethen and Bau 1997, Chapter 37)

tions correspond to the three prior distributions studied in
this paper.

For ¢(x) = 1, it is well known that Legendre polyno-
mials can be used to obtain nodes and weights to compute
fjll ¢ (x) f (x)dx. This is called Gauss—Legendre quadrature
(Gautschi 2004). For ¢(x) = e’xz, Hermite polynomi-
als can be used to obtain nodes and weights to compute
fj;o ¢ (x) f (x)dx. This is called Gauss—Hermite quadrature.
For ¢p(x) = 1+17’ we can apply a combination between
Lanczos and Gram—Schmidt procedures to Chebyshev poly-
nomials. Details will be discussed in the next paragraphs. The
Legendre, Hermite, and Chebyshev polynomials and their
weights are shown in Table 1.

Goos and Mylona (2018) also provided an excellent tuto-
rial for using Gauss quadrature rules for one-dimensional
integrals for several forms of ¢(x), including Gauss—
Hermite, Gauss—Stieltjes—Wigert, generalized Gauss—
Laguerre, and Gauss—Jacobi quadrature. These techniques
were illustrated with split-plot experiments. They did not,
however, consider the weight ¢ (x) = ﬁ that we will also
study in this paper.

Let x be a random variable that has the probability den-
sity function p(x). Here we want to compute the posterior
function f u(x)p(x)dx, where u(x) is a utility function. In
the following, we explain how to apply Gauss—Legendre
quadrature, Gauss—Hermite quadrature, and the combina-
tion between Lanczos and Gram—Schmidt procedures to the
Chebyshev polynomials to compute the posterior functions
for the three prior distributions.

Uniform distributions: Consider x ~ U(ly, ly) where U(l1,
1») is a continuous uniform distribution with the two bound-
aries /1 and [» (I; < [p). Parameters /; and [, are called
hyperparameters. The probability density function p(x) is
equal to ﬁ when /{1 < x < [, and zero otherwise.

Therefore, our integral is of the form ﬁ flllz u(x)dx. As
mentioned above, the Gauss—Legendre quadrature is applied
for the interval of [—1 , 1]. So, we need to perform a change
of interval to obtain /lllz u(x)dx as follows:

l L-10 (! L —1 h+Db
dx = — d
/11 u(x)dx 5 flu( > m + 2 ) m

(14)
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By applying the Gauss—Legendre quadrature rule with d
points (§;, w;), the above equation can be approximated as:

I b 1 & L-li  L+bh
dx ~ — i i .
12—11/11 u(x)dx 2§wlu< 5 &+ 5 )

15)

Log-normal distributions: Consider x ~ LN (i, ¥2), where
w and i are the location parameter and the scale parameter of
the log-normal distribution. Under this case, we need to com-
+00 1 _%(ln(x&—)/.)z
el Syvad .
variable twice and applying the Gauss—Hermite quadrature

rule, our integral can be approximated as follows:
oo 1 _L(mw—py
/ u(x)———e 2° Vv dx
0 xyr/2m

+o0 1
- / e (e (16)

u(x)dx. By using a change of

— 2 _ M _ —
wherex—e,m—ﬁworz—u—FﬁWm,dx—edz,

dz = «/iwdm, and &; and w; are nodes and weights obtained
from the Gauss—Hermite quadrature rule.

Half-Cauchy distributions: Assume that y ~ HC(u, ¥),
where 1 is the location parameter (specifying the location
of the peak of the distribution), and 1 is the scale parameter
which specifies the half-width at half-maximum. Our integral

is of the form: f:oo mu(x)dx.

One of the possible approaches to approximate this is
to use the well-known technique Lanczos with a different
inner product, which is similar to the Stieltjes procedure. This
approach can be applied to obtain the orthogonal polynomial
for an arbitrary weight function, see Olver (2022). In what
follows, we provide a brief workflow to obtain d nodes and
its weights for an arbitrary weight function ¢ (x). It is a mod-
ification of Gauss quadrature rules. The general workflow of
Gauss quadrature rules can be found in textbooks or works
on numerical integration (e.g., Golub and Welsch 1969;
Kythe and Schiferkotter 2004). Traditionally, this workflow
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is based on a monomial basis {1, x, X2, ..., xd} with an inner

product () defined as (p1.p2) = [;7 ¢(x)p1(x)p2(x)dx,
where pi(x) and py(x) are functions chosen from the
monomial basis. Next, these polynomials are orthonor-
malized to orthogonal polynomials, which can be done
using the well-known Gram—Schmidt orthogonalization. Let
{go(x), q1(x), g2(x), ..., qa(x)} be aset of orthogonal poly-
nomials obtained from the Gram—Schmidt orthogonalization.
The Gauss quadrature points are then the roots of g4 (x). Fur-
thermore, as is reviewed in, e.g., Chapter 37 of Trefethen and
Bau (1997), these roots (and also the quadrature weights) can
be obtained by solving a tridiagonal d x d eigenvalue problem
whose entries are obtained by a well-known algorithm Lanc-
zos (Lanczos 1950). As mentioned in Johnson (2019), for
numerical stability when constructing Gauss quadrature rules
computationally for arbitrary weight functions, the author
suggested applying the Lanczos process to polynomials in the
basis {Ty, T1, Tz, . .., Tz} of Chebyshev polynomials, after
rescaling the interval [I1, ;] to [—1, 1], rather than using
the monomial basic. We call this Gauss—Chebyshev—Lanczos
approach. It is implemented in the Julia QuadGKjl package
(Johnson 2022b). It is used to obtain nodes and weights for
half-Cauchy distributions considered in this paper.

By applying the aforementioned technique, our integral
can be approximated as follows:

+o0 2 d
—dx &~ iu(&i), 17
fu i (SR 2 (&) ()

where & and w; are nodes and weights obtained from the
Gauss—Chebyshev—Lanczos approach.

4.2 Quadrature rules for two-dimensional integrals

We extend the quadrature rules for one-dimensional to two-
dimensional integrals, which are used to approximate Ap.
Without loss of generality, we assume that f(x,y) is a
smooth function on the domain D = [/;, [»] x [/1, [2]. This
can be accomplished for bounded rectangular domains by a
proper change of interval. Suppose that we want to com-
pute [[p¢1(x)p2(y) f(x, y)dxdy, where f(x,y) can be
well approximated by polynomials of degree 2d — 1 within
D, and ¢1(x) and ¢2(y) are nonnegative weight functions.
Using the tensor product rule (full-grid), our integral can be
written as:

Ipigo. 5 = /f ¢1(x)p2(y) f (x, y)dxdy
D

(18)

~3

i=1j

wrjw; &, &),

d
=1

where d is the number of sample points used for each dimen-
sion, w1; and wy; are quadrature weights obtained from the
first and second dimensions, and &; and &; are the roots
of dth orthogonal polynomials used in the first and second
dimensions. Under the tensor product rule, this approxima-
tion requires 4 sample points. Notice that it is possible to use
the sparse grid approach, originally proposed by Smolyak
(1963) to obtain sample points. However, this approach
is recommended only when the number of dimensions is
greater than two. Also, under this approach, we recommend
using nested quadrature rules instead of Gauss quadrature
rules, for example, Fejér and Clenshaw-Curtis. In the rest
of this article, we will use the right-hand side of Eq. (18) to
approximate A . The approximated value is denoted as A 0B-

4.3 Multidimensional integration—-benchmark

Another technique to compute a multidimensional inte-
gral is based on a multidimensional h-adaptive integration
(Berntsen et al. 1991; Genz and Malik 1980), which uses
a globally adaptive subdivision strategy. This algorithm
recursively partitions the integration domain into smaller
subdomains, and then applies the same integration rule to
each, until convergence is achieved. It is best suited for a
moderate number of dimensions (e.g., < 7), and is super-
seded for high-dimensional integrals by other methods (e.g.,
Monte Carlo variants or sparse grids). A general structure of
adaptive integration algorithms consists of the following four
main steps: (1) choose some subregion(s) from a set of sub-
regions, (2) subdivide the chosen subregion(s), (3) apply the
integration rule to the new subregions; update the subregion
set, and (4) update global integral and error estimates; check
for convergence. Genz and Malik (1980) improved the adap-
tive subdivision strategy to facilitate parallelization at the
subregion level and allow for more than one integrand, pro-
posed several different integration rules that can be selected
for use with the algorithm, and proposed a new error esti-
mation method. This approach is implemented in the Julia
package HCubature by Johnson (2022a). In the next section,
we will use this package to evaluate the performance of our
approximated Bayesian criterion proposed in the previous
section.

5 Evaluating approximations of the Bayesian
criterion

We evaluate the performance of the approximations of
Bayesian criterion based on quadrature rules and HCuba-
ture. The approximated value of A p found using HCubature
is denoted as A y g. For our proposed approximated Bayesian
criterion using quadrature rules, up to 20 nodes are used
for each dimension, meaning that we approximate A, up
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to 2 x 20 — 1 = 39 degrees, which requires the evaluation
of up to 400 points to get an approximated value of Ap. The
approximated value of Ap under this approach is denoted
as AQ p. Let us consider the two-phase experiment that was
briefly mentioned in the introduction as follows.

Example 1. Suppose that an experimenter wants to test 10
treatments in a field involving 6 blocks in Phase 1, each
of which can test 10 treatments. The 60 samples obtained
from this phase are then analyzed in a laboratory in Phase
2. Since a machine in the laboratory can only process four
samples at a time, we need 15 machines to process all the
samples. Because there might be field-block-to-field-block
and machine-to-machine variation, it is essential to consider
these sources of variation as blocking factors. Following the
notation used in Sect. 2, parameters for this experiment are
v=10,r =6,b; = 6,k; = 10, b = 15, and k, = 4.
Under these parameters, a nested row-column pattern has
p = gcd(by, by) = 3 superblocks, and each of which has
bip = by1/p = 2rows and by, = by/p = 5 columns. There
are ¢ = ged(ky, ko) = 2 experimental units in a cell formed
by the intersection of a row and a column (Fig. 1a).

First, we generate a random two-phase design for Exam-
ple I to evaluate approximations of the Bayesian criterion.
This design is created by randomly assigning treatments to
the nested row-column pattern, see Fig. l1a. Next, we iden-
tify hyperparameters for each distribution (i.e., /; and /> in
uniform distributions, w and v in normal and half-Cauchy
distributions). These hyperparameters can be based on an
educated guess or empirical datasets. Here we suppose that
we do not have empirical datasets. Thus, it is reasonable
to consider two scenarios for y;: (1) 0 < 3 < 1 and (2)

y; > 1(i = 1, 2). In the following analysis, we choose [0, 1]
and [1, 10] as two boundaries for y under uniform distribu-
tions. We use A g B as a benchmark.

Figure 2 displays various approximations for Ap corre-
sponding to four combinations of variance ratios under the
uniform distributions. Figures 2a—d correspond to the four
combinations of variance ratios. For each figure, the x axis
shows the number of nodes used to approximate Ap under
the quadradure rules, while the y axis shows the approxi-
mated values of Ap found either from the quadrature rules
or HCubature. A blue line corresponds to the value of Ayg,
while orange markers correspond to the values of AQ B.

Figure 2a shows approximations for Ap when the vari-
ance ratios y; and j, are small. In this case, the value of
Ay p is approximated to 0.79090. The approximated values
of A p using Gauss—Legendre converge to Ay g after 5 nodes.
When one of the variance ratios is small and the other vari-
ance ratio is large, the values of AQ g and Ay p are slightly
smaller than the ones obtained from Fig. 2a. This is clearly
shown in Figs. 2b and 2c. When both variance ratios are
large, it is expected that the block effects in both phases can
be considered as fixed. In this case, the values of AQ B are
smallest compared to other values of A o shownin Figs. 2a—
c. Under this analysis, it is sufficient to use 5 nodes to get
a good approximated value of Ap. This indicates that using
Gauss—Legendre reduces not only computing times but also
gives a good approximation for A g. This is mainly because it
requires a smaller number of sample points and well-chosen
sample points, compared to prevalent approaches such as
Monte Carlo and quasi-Monte Carlo.

Fig. 1 (a) A random allocation of treatments to a nested row-column
pattern for Example 1. (b) A Bayesian optimal two-phase design for
Example I is found with y; ~ 4(0, 1) and y» ~ U(0, 1). In both pan-
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Based on these findings, we propose a search framework in
the next section to find a Bayesian optimal two-phase design
where we use 10 nodes to approximate the Bayesian crite-
rion. As an illustration, a Bayesian optimal two-phase design
for Example I found with y; ~ (0, 1) and y» ~ U(0, 1) is
shown in Fig. 1b. As shown in this figure, one of the good
properties of this design is that treatments have equal repli-
cations in each superblock. This property resembles one of
the properties of balanced incomplete block designs in which
all pairs of treatments occur together within a block an equal
number of times (Shah and Sinha 1989). For instance, treat-
ment 1 occurs twice in each superblock. This is opposed to the
design shown in Fig. 1a, where treatment 1 occurs unequally
in each superblock.

Likewise, we use two log-normal distributions, i.e.,
LN (0, %) and LN (1, %), as priors for both variance ratios
to evaluate values of A g B and AQ g. When y; ~ LN(0, %),
it is expected that the variance ratios are small, while when
yi ~ LN(1, %), it is expected that the variance ratios are
large (i = 1, 2). Figure 3 shows various approximated values
of A p with the four combinations of the two variance ratios.
The structures of this figure and Fig. 2 are identical. Here we
use a quantile function (i.e., inverse cumulative distribution
function) to get an upper bound for the two distributions with
the probability value of 0.999. This avoids the problem when
both variance ratios approach infinity (4-0c0) when using the
HCubature approach.

Similar to the uniform distributions, the values of AQ B
obtained from the Gauss—Hermite rule converged to the value
of A g B With 5 nodes for the four cases considered in Fig. 3.
Finally, we considered the Gauss—Legendre rule to get an
approximated value of A p where the weight function and A,,
are combined as a joint function. This approach also worked
quite well, compared to the Gauss—Hermite approach. It con-
verges to A g after 10 nodes.

We consider two half-Cauchy distributions HC (0, 1) and
‘HC(1, 10) as priors for . Similar to the uniform and log-
normal distributions, these distributions represent the small
and large values of variance ratios as discussed before. Fig-
ure 4 plots various approximated values of Ap for the four
scenarios. The structure of this figure is analogous to the
structure of Figs. 2 and 3. Here we also use a quantile
function to get an upper bound for the two distributions
with the probability value of 0.99. This avoids the problem
when both variance ratios approach infinity (4-00). Like-
wise, the quadrature approaches converge to Ay p after 10
nodes. However, the Gauss—Legendre approach converges
more slowly to App than the Gauss—Chebyshev—Lanczos
approach.

Note that it is possible to use the HCubature approach
to find Bayesian optimal two-phase designs. However, it
is costly to use this approach when searching for a large

two-phase design (i.e., a design with a large number of treat-
ments). This is because update formulae cannot be applied
under the HCubature approach. For example, we compared
computing times of finding Bayesian two-phase designs for
Example I with one iteration. Using the HCubature approach,
it took 159.21 (s), 1050.56 (s), and 3467.97 (s) to obtain two-
phase designs for the uniform, log-normal, and half-Cauchy
distributions, respectively. However, using the quadrature
rules, the average computing time for uniform, log-normal,
and half-Cauchy distributions was less than 1 (s).

6 A search algorithm

In the literature, most search algorithms for comparative
experiments focus on variants of simulated annealing (Kirk-
patrick et al. 1983) and Tabu search (Glover 1989), see a
review in Vo-Thanh and Piepho (2022). Recently, Vo-Thanh
and Piepho (2022) considered a variant of hill climbing
(Appleby et al. 1961) to obtain optimal row-column designs
with a complex blocking structure, and equal or unequal
treatment replications. They showed that their proposed algo-
rithm is competitive with the variants of simulated annealing
and Tabu search used to search for optimal designs for com-
parative experiments. In this paper, we utilize their work to
obtain Bayesian two-phase designs. The workflow is briefly
described as follows.

Generally, a computer search starts with an initial design,
which is also a candidate design. We then iteratively improve
this design in a number of steps (pp). At each step, given a
candidate design, a better design can be found via neighbor
designs of the current candidate design. A neighbor design is
obtained from a given design by applying a swapping mech-
anism to this design. In this paper, we consider a swapping
mechanism where we exchange two treatments in the design
matrix X, while fixing the nested row-column pattern (Z).
The next candidate design is selected among the neighbor
designs generated by performing all possible swaps in X.
This selection is based on the accepting and rejecting strate-
gies considered in Vo-Thanh and Piepho (2022), using AQ B
as a main search criterion. The selected candidate design will
be used in the next iteration. A pseudocode of the search
framework is shown in Algorithm 1, while details of this
algorithm can be found in Vo-Thanh and Piepho (2022). As
pointed out in Vo-Thanh and Piepho (2022), it is essential
to use an efficient update formula when computing a gen-
eralized inverse of the treatment information matrix before
and after interchanging treatments. Here we adapted their
strategies to derive an update formula allowing to swap two
treatments in the design matrix X, while fixing the design
matrix Z (see Supplementary Section B). In the next section,
we apply this search framework to find Bayesian optimal
two-phase designs.
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Fig.2 Approximations of the Bayesian criterion for a two-phase design
are computed under uniform distributions. For each subfigure, the x axis
shows the number of nodes used in Gauss—Legendre (G-Legendre) rang-

Algorithm 1 A search framework for finding Bayesian opti-
mal two-phase designs.

Require: a random starting design (Dy).
D, < Dy
D, < Dy
for i =1topy do
step 1: generate all possible neighbor designs for the candidate
design (D).
step 2: compute A p of all neighbor designs.
step 3: select the best design in the neighbor designs.
step 4: choose a next candidate design and update D,.
step 5: update the optimal design (D, ) if possible.
end for
return an optimal two-phase design (D,) found during the search.

7 Bayesian two-phase designs
We illustrate the search framework to find Bayesian opti-

mal two-phase designs for 16 parameter settings shown in
Table 2. The first column of this table represents an identifi-
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(d) 7 ~U(10,1) and v2 ~ U(10,1): Agp = Agpio =
0.67442.

ing from 1 up to 20 nodes. The y axis shows various approximated values
of Ag. Agpio is the value of Agpp found using 10 nodes

cation (ID) for the examples. The remaining columns show
the design information as mentioned in Sect. 2. We study the
three prior distributions for these 16 design settings. Based on
the preliminary results in Sect. 5, we applied Gauss quadra-
ture rules with 10 nodes for each dimension to approximate
the Bayesian criterion.

As mentioned in Sect. 5, it is practical to choose a prior
distribution for a variance ratio that represents small and large
variances. In the following, we use the notation p ,, to rep-
resent the choice of the two variance ratios where a and b
represent the choices of y; and y». There are four possi-
ble choices of variance ratios considered in this section, i.e.,
Y__.V_y,v,_and y ., where — and + represent small
and large variance ratios. For instance, y _, represents the
case where y; is chosen to be small, while y, is chosen to be
large.

For each of the three distributions studied in this paper,
we applied our proposed algorithm to search for optimal
designs with four combinations of two variance ratios as
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Fig.3 Approximations of the Bayesian criterion for a two-phase design
are computed under the log-normal distributions. For each subfigure,
the x axis shows the number of nodes used in Gauss quadrature rules

discussed above. In total, for each of the three distributions,
we obtained 64 Bayesian optimal two-phase designs. Param-
eters used in the search algorithm are (po, p1, P2, P3) =
(400, 100, 400, 1) where pg is the number of iterations used
to search for a design, p; is the length of a fitness array, ps
is the length of a visited candidate array, p3 is a percent-
age of neighbor designs. Details of these parameters can be
found in Vo-Thanh and Piepho (2022). The implementation
of our algorithm can be found in the supplementary material
of this paper (see JCode.7z). The algorithm was run under
Julia 1.5.3 on Intel(R) Core(TM) i7-6600U CPU @ 2.60GHz
and 16GB of memory. The average computing time required
to find 64 two-phase designs for each distribution is about
13,690.68 s (= 3.8 h). In the following section, we detail our
findings.

number of nodes

(d) m~LN(, 1) and v2 ~ LN (L, 3): Ayp = 0.68657
and Agp1o = 0.68685

(i.e., Gauss-Legendre and Gauss-Hermite) ranging from 1 up to 20
nodes. The y axis shows various approximated values of Ag. Agpig is

the value of AQB found using Gauss-Hermite with 10 nodes

7.1 Uniform distributions

Figure 5 shows three panels that represent various informa-
tion of the 64 Bayesian two-phase designs obtained from the
four combinations (y__, y_,, y,_ and y, ). Figure 5a
shows the values of Ay p of the 64 optimal designs found
withy_ _,py_,,y, andy, ., where “~” and “+” rep-
resent the two uniform distributions 2/ (0, 1) and ¢/(1, 10),
respectively. For each combination, the values of Agp of
16 designs range from 0.64188 to 0.96998. This indicates
that these optimal designs are able to estimate pairwise treat-
ment comparisons with a high design efficiency. As shown
in this panel, it can be seen that, if k1 < ko, AHB},H_ <
AHBy+_ < AHBy__'_ < AHBy__, where AHB}’ah is the value
of AHB of a design obtained from y ;. If k; > k2, we have
AHBy++ < AHBy__'_ < AHBy+_ < AHBy__' For Examples
1 and 2, the numbers of blocks in both phases are identical.
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Fig. 4 Approximations of the Bayesian criterion for a two-phase
design are computed based on half-Cauchy distributions. For each
subfigure, the x axis shows the number of nodes used in Gauss quadra-

For this case, it is best to confound the blocks in both phases
as advocated in Brien et al. (2011, Big with Big). This is
achieved under the nested row-column structure. For Exam-
ple 1, the designs obtained with the four combinations of
variance ratios are balanced incomplete block designs. For
Examples 3 and 4, the Bayesian optimal two-phase designs
are nested designs. Vo-Thanh et al. (2022) recommended
constructing a design in a phase with smaller block size first.
Then blocks in this resulting design can be grouped to form
blocks in the other phase. This grouping is done via the nested
row-column pattern. For Example 5, the Bayesian optimal
two-phase design is a row-column design with ¢ = 1 (one
experimental unit per cell). For Examples 6, 7, and 8, the
Bayesian optimal two-phase designs are row-column designs
with ¢ > 1 (more than one experimental unit per cell). For
Examples 9 and 10, the Bayesian optimal designs are nested
row-column designs with ¢ = 1 (one experimental unit per
cell). For Examples 11 to 16, the Bayesian optimal designs
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ture rules ranging from 1 up to 20 nodes. The y axis shows various
approximated values of Ap. Appio is the value of App found using
Gauss-Chebyshev-Lanczos with 10 nodes

are nested row-column designs with ¢ > 1 (more than one
experimental unit per cell).

Figure 5b shows the percentage change of App of the
Bayesian optimal designs obtained fromy __ and y , ,. The
percentage change is computed as follows. We take the value
of Ay p of adesign obtained from p , , and subtract the value
of Ay g of adesign obtained from y __. The result is a gain or
loss. We take the gain or loss and divide it by the value of Ang
of the design obtained from y , , . Finally, we multiply the
result by 100 to arrive at the percentage change in the design
efficiency. As shown in this panel, the percentage change can
vary between 0.52% to 20%. As expected, the values of A HB
of designs obtained under y4 are slightly lower than the
values of A g p of designs obtained under y__. This indicates
there is a substantial benefit when considering an analysis
with the linear mixed model, which is often the case in plant
breeding. There are seven examples where the gaps are less
than 5% (Examples 2, 4, 5, 6, 7, 8, and 11). There are seven
examples where the gaps are between 5% to 10% (Examples
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Fig. 5 (a) Values of Agp of the Bayesian optimal two-phase designs
obtained under the uniform distributions. The x axis shows Example
IDs, while the y axis shows approximated values of Ap (AHB). (b)
Percentage change of Ay p of Bayesian two-phase designs obtained
from y__ and y ., where App of the Bayesian two-phase design
obtained from y, . is used as a reference. The y axis shows the
percentage change of App. (c) Percentage change of Ay of the

1, 3,12, 13, 14, 15, and 16). There are two examples where
the gaps are around 11% and 19.5% (Examples 9 and 10).
As shown in Table 2, the block sizes in Examples 9 and 10 in
both phases are relatively small, while the numbers of blocks
in both phases are large. We conjecture that this might be a
reason why we have seen a large gap. Therefore, in this case,
we would suggest considering an analysis with random block
effects instead of fixed block effects in both phases for the
recovery of inter-block information.

Suppose that we are also interested in the performance
of our designs under the fixed-effects model discussed in
the introduction. This is relevant because optimal designs
obtained under a mixed model are often disconnected under
a fixed-effects model. However, this is not the case with
our Bayesian optimal two-phase designs since these designs
are optimized for a range of plausible values of variance
components. In fact, Fig. 5¢ shows the percentage change
of A of Bayesian two-phase designs obtained from y __
and y , ., where A is the design efficiency of a design com-
puted under the fixed-effects model, and A, of the Bayesian
two-phase design obtained from p , , is used as a reference.
As shown in this figure, these designs are indeed connected

Bayesian two-phase designs obtained from y__ and y, under the
linear mixed model, and A is the efficiency of a design evaluated
under the fixed-effects model, where A, of the Bayesian two-phase
design obtained from y . is used as a reference. The y axis shows
the percentage change of A. Notice that: y__ = {U/(0, 1), U(0, 1)},
Yo ={UO D, U110}, y, = {U1,10), U0, D}, and y ., =
{u@1,10), U1, 10)}

under the fixed-effects model. Furthermore, the losses of
design efficiencies for all but Example 3 are relatively small.
This suggests that our Bayesian two-phase designs could be
used for analysis with a linear fixed-effects model.

7.2 Log-normal distributions

In this section, we consider two log-normal distributions
LN(0,0.5) and LN (1, 0.5) covering the two bounds [0, 1]
and [1, 10] for the two variance ratios as indicated before.
Likewise, “—" and “4” represent the two log-normal distri-
butions LA (0, 0.5) and LN(1, 0.5), respectively. Figure 6
shows three panels that represent information on the 64
Bayesian two-phase designs obtained from the four scenarios
¥__,y_4,y,_andy ). Its structure is analogous to that
of Fig. 5. As discussed before, we want to avoid setting the
variance ratios to infinity when computing A, . Therefore,
we use a quantile function to get upper bounds when finding
the values of A HB, Where we choose the value of proba-
bility of 0.99. Hence, A H B can be evaluated. As shown in
Fig. 6a, the values of A up of the Bayesian optimal two-
phase designs obtained from the four scenarios range from
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Fig. 6 (a) Values of Ay p of the optimal two-phase designs obtained
under the log-normal distributions. The x axis shows Example IDs,
while the y axis shows the values of A uB- (b) Percentage change of
A p of the Bayesian optimal two-phase designs obtained fromy __ and

Y +4,Where A p of the Bayesian two-phase design obtained from y Tt
is used as a reference. The y axis shows the percentage change of A p.

0.62485 to 0.96641. For Example 1, we also obtained four
balanced incomplete block designs as were obtained with the
uniform distributions. As shown in Fig. 6b, its pattern is sim-
ilar to the pattern of Fig. 5b, where the percentage changes
are less than 10% for all but Example 9. When considering
the fixed-effects model, all designs are indeed connected as
shown in Fig. 6¢c. For Examples 3, the percentage change
(loss) is the largest among other examples, which is around
2.6%. If experimenters accept a minor loss (< 3%), these
designs could be used to plan a two-phase experiment when
the linear fixed-effects model is of interest.

7.3 Half-Cauchy distributions

Two half-Cauchy distributions are studied in this section,
i.e., HC(0, 1) and HC(1, 10) as priors for y. Under this
case, “—” and “+4” represent HC(0, 1) and HC(1, 10),
respectively. Likewise, Fig. 7 shows information on the 64
Bayesian designs found under the two half-Cauchy distribu-
tions. The structure of this figure is identical to the structure
of Fig. 5. The values of A p g of the Bayesian optimal designs
range from 0.60759 to 0.92974. For the percentage changes

@ Springer

(c) Percentage change of A, of Bayesian two-phase designs obtained
fromy__ and y , where A is the efficiency of a design computed
under the fixed-effects model, and A, of the Bayesian two-phase design
obtained from y . , is used as a reference. The y axis shows the per-
centage change of A.. Notice that y __ = {£LN(0, 0.5), LN (0,0.5)},
Y_ ={LN(0,05), LN(1,0.5}, ¥, ={LN(1,0.5), LN(0,0.5)},
and y ., ={LN(1,0.5), LN (1, 0.5)}

(Fig. 7b), there is also a similar pattern as we have seen with
those obtained under the uniform and log-normal distribu-
tions. The losses for all but Example 9 are less than 10%,
while the loss for Example 9 is around 12%. In terms of the
linear fixed-effects model, all designs are also connected and
the losses are at most 2.76%. Overall, the general picture here
is that we obtain consistent results as with the uniform and
log-normal distributions.

8 Bayesian balanced incomplete block
designs and their dual designs

As discussed in the previous section, when the block sizes
in both phases are identical, it is best to confound blocks in
both phases to construct a two-phase design. This is indeed an
optimal strategy as shown in Brien et al. (2011). Therefore,
in such a case, we can use a block design to construct a
two-phase design, which will be our focus in this section. In
particular, we focus on a balanced incomplete block design
and its dual design, where the dual design is obtained by
interchanging the roles of treatments and blocks (Shah and
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Fig. 7 (a) Values of Ay p of the Bayesian optimal two-phase designs
obtained under the half-Cauchy distributions. The x axis shows Exam-
ple IDs, while the y axis shows values of A up. (b) Percentage
change of Agp of the Bayesian optimal two-phase designs obtained
from y__ and y ., where Apyp of the Bayesian two-phase design
obtained from y, . is used as a reference. The y axis shows the

percentage change of A up- (c) Percentage change of A, of the

Table 2 Design parameters for constructing two-phase designs

ExampleID v r by ki by ko p g Designtype
1 7 3 7 3 3 7 7 3 BD

2 20 7 20 7 20 7 20 7 BD

3 6 5 10 3 5 6 5 3 ND

4 49 3 7 21 21 7 7 7 ND

5 4 4 16 11 11 16 1 1 RCD

6 68 3 17 12 51 1 3 RCD

7 42 2 7 12 21 1 3 RCD

8 40 4 20 5 32 1 4 RCD

9 12 4 16 12 4 4 1 NRCD
10 35 4 20 2885 4 1 NRCD
11 30 4 12 10 10 12 2 2 NRCD
12 10 6 6 10 15 4 3 2 NRCD
13 42 4 28 6 8 21 4 3 NRCD
14 10 6 10 6 15 4 5 2 NRCD
15 20 5 25 4 10 10 5 2 NRCD
16 42 5 35 6 15 14 5 2 NRCD

Notice that BD stands for block design, ND stands for nested design,
RCD stands for row-column design, and NRCD stands for nested row-
column design

Bayesian optimal two-phase designs obtained from y__ and y .,
where A is the efficiency of a design computed under the fixed-
effects model, and A, of the Bayesian two-phase design obtained
from p ., is used as a reference. The y axis shows the percentage
change of A.. Notice that y__ {HC(0, 1), HC(0, 1)}, y_
{HC(0, 1), HC(1, 10)}, y . = {HC(1, 10), HC(0, D}, and y++ =
{HC(1,10), HC(1, 10)}

Sinha 1989, Chapters 2 and 3). Theorem 1 provides a useful
result to compute a Bayesian balanced block design, while
Theorem 2 provides a useful result to compute a Bayesian
block design where its dual design is balanced.

Theorem 1 Consider a balanced incomplete block design
with its parameters v, r, b, and k in a single phase, where b
and k are the number of blocks and the block size, respec-
tively, and b > v (Fisher’s inequality). Let y be the ratio
between block and residual error variances. The values of
A g computed from the three prior distributions can be char-
acterized as follows:

e a uniform distribution y ~ U(l1, I1):

1 A—r A—r &
4B =5 ((l+ kr )’/— rk? lankyl) ll'(lg)
e a log-normal distribution y ~ LN (i, ¥?):
o1 ()’ O — r))/)
Ap = L A - ——— )dy. (20
B /0 yzl/«/ZTTE r(r+1+ky y. (20)
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e a half-Cauchy distribution y ~ HC(u, ¥):

2 _
Ap = — arctan <u>
b4 4 “

(—=r) =2y In(ky + 1))
ar k(ky? +ku? +2u) +1

(=1 Yin(y —w?*+v2)
wr o k(ky? +kp? +2p) +1

+00

+00

wn
+00 1)

"
_ +o00
O —71) 2 (sz + kuz + u) arctan(%)

mr k(kyr? 4+ kp® 4+ 2u) + 1

"
where . = %, arctan(x) is the arctangent of x, and In(x)
is the natural logarithm of x.

Theorem 2 Consider a block design with its parameters
v,r, b, and k in a single phase, where its dual design with
parameters v = b, 7 =k, b=v, k = r is a balanced incom-
plete block design, and b < ¥ (Fisher’s inequality). Let y be
the ratio between block and residual error variances. The
values of Ap computed from the three prior distributions
can be characterized as follows:

e a uniform distribution y ~ U(l1, I1):

1)
_ (13 —ajan)(Infesy + ai|) + eazy

Ap = . (22)
a3 (i = 1y) |
. . 2.
e a log-normal distribution y ~ LN (ju, ¥*):
oo 1 Ln—py2
Ap :/ 2 Md% (23)
0 yUa/2m o] +azy
e a half-Cauchy distribution y ~ HC(u, ¥):
+00
A = L2 (@ —)yin(osy + o)
P72yt a2 42 2
3 U o3+ o
2 2 +00
i -y In(y —w +y?)
T a3Y? +adu? + 2oa3 + ol
"
2 2 y—py [+ 24
2 (w3 ¥” + a3 pu”) arctan(=5=)
T a2y + arp? + 2003 + of
+00

2 (@ro3p + oo + af) arctan(Y54)

T 3P+ adu? + 2aa3 + o

where ¢y = r(v—1)(b —1), ap = (v — Dkb(r — 1), and
a3 = k(b —b)(r —1) +rb—1)?).

The proofs of Theorems 1 and 2 can be found in Supple-
mentary Sections C and D.

@ Springer

8.1 Application

In this section, we apply Theorem 1 to compute A p for Exam-
ple 1. This is because the design parameters of this example
arev = 7,r = 3 by = 7 and k; = 3, which satisfy the
necessary condition of a balanced incomplete design since
A =r(ky —1)/(v —1) = 1. From Theorem 1, it is easy to
verify that A, = L + 4200 = 37V The values of Ag

-7 1+k1y 349y
can be computed according to Egs. (19)—(21).

9 Conclusion

In this paper, we presented a general framework to search
for Bayesian two-phase designs based on the variant of hill
climbing studied in Vo-Thanh and Piepho (2022). We consid-
ered three families of distributions, i.e., uniform, log-normal,
and half-Cauchy distributions. We considered Gauss quadra-
ture rules to approximate the Bayesian criterion. This reduces
the computational expense of searching for Bayesian optimal
two-phase designs. Furthermore, we proposed two theorems
in the case when two-phase designs can be constructed from
balanced incomplete block designs. These theorems can be
used as upper bounds for A,, of two-phase designs under the
linear mixed model. Such upper bounds have not yet received
much attention in the literature.

An important novel feature of our approach is that it can
handle Bayesian two-phase designs for various parameter
settings and can find an efficient Bayesian two-phase design
within a reasonable time. This is because we used the Gauss
quadrature rules to approximate the Bayesian criterion where
it is adequate to use 10 nodes to get a good approximated
value of Ap for the three prior distributions considered in
this paper. Furthermore, we applied Gauss quadrature rules
for an arbitrary weight (based on a half-Cauchy distribution)
that has not yet been considered in the current literature on
Bayesian two-phase designs.

It is worthy to mention that if we have informative prior
information for the variance components, our search frame-
work can also be applied, replacing p(y) by the informative
prior information and D by the specific domain. This should
be quite common in practice, because historical data on
previous trials of two-phase experiments as the one that is
planned is often available. From this, we should be able to
set up an informative prior for variance components. Here,
the main bottleneck is the assembly of the historical data in
an accessible database, which might require substantial effort
in practice.

Even though we have studied several prior distributions,
in general, it is not straightforward to propose a recommen-
dation for selecting a right prior distribution in the case where
researchers have no specific prior information about the value
of variance components. In this case, our recommendation is
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to use a flat prior distribution (e.g., a uniform distribution)
in searching for two-phase optimal designs. Alternatively,
we could perform a simulation study where we obtain many
designs for various prior distributions. This could be done
using our proposed framework. Based on the result, we can
select the best design that is optimal for all various prior dis-
tributions. It is also acknowledged that an experiment may
target multiple responses, in which case a multivariate model
could be considered, but such an extension is beyond the
scope of this paper.

We suggest several subjects that merit further research.
First, it is possible to extend our proposed approach to han-
dle two-phase designs with more than two blocking factors
and/or one treatment factor. The first challenge is to iden-
tify a blocking structure involving several blocking factors
and a treatment structure involving several treatment fac-
tors. The second challenge is to derive a simple form for
the treatment information matrix so that update formulae
can be proposed. This is very crucial to avoid computa-
tional burden when searching for a large two-phase design.
The last challenge is to approximate a Bayesian criterion.
This can be done using quadrature approaches. However, it
might take a great amount of time to search for a large two-
phase design. For example, the current nested row-column
pattern can be extended to two-phase designs where there
are two blocking factors in Phase 1 and one blocking fac-
tor in Phase 2. The remaining challenge here is to derive a
simple form so that the treatment information matrix can be
computed easily. This could be done by extending Proposi-
tion 1. Another example is that when there are two treatment
factors and two blocking factors, it might be possible that
two treatment factors can be combined using a factorial
structure. Then, the challenge is to derive a simple form
for the treatment information matrix. Second, our proposed
approximation of the Bayesian criterion can be adapted to
search for block designs and row-column designs under
linear mixed models. Third, even though we limited our atten-
tion to three families of prior distributions, the quadrature
rules can be applied to different prior distributions. Partic-
ularly, the Gauss—Chebyshev-Lanczos approach could be
employed here to get nodes and weights for an arbitrary
weight function if a quadrature rule for this weight function is
unavailable. Fourth, for some design parameters, it might be
possible to obtain better two-phase designs with a complex
blocking pattern, compared to those obtained under a nested
row-column pattern. It will take a great amount of computing
time, however, to search for a Bayesian two-phase design in
this case. This is because efficient update formulae will not
be available. However, this option might be worthy to look
at in further research, although we conjecture that the effi-
ciencies of these designs will not differ too much, compared
to those obtained under a nested row-column pattern.

In this paper, we have not considered Jeffreys’s prior. One
of the key features of this prior is that it is invariant under
a change of coordinates for the parameter vector y. This
makes it of special interest for use with scale parameters.
It is, however, rather complex to directly compute Jeffreys’s
prior since it requires the square root of the determinant of the
Fisher information matrix. Therefore, it would be practical
to propose an approximation for this prior. This could be
done by using the work of Natarajan and Kass (2000) who
considered an approximation for Jeffreys’s prior.

Supplementary Information  The online version contains supplemen-
tary material available at https://doi.org/10.1007/s11222-022-10126-
X.
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