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1 Mathematical Background

Definition 1. For y € R and o > 0 let

V(o) = a\/gexpCT’f) + (1 — 20 (%“)) , (1)

where @ is the cumulative distribution function of the standard normal distribu-
tion.

Lemma 1. For all x € R and 0 > 0 we have

g—lﬁ(u,a) = 1-29 (—g)
)

(u,0) = \/2 o
oo o) = Wexp 202 )"

Proof:

We can write

Y(p,0) = p+ U\/g exp(g(p, o)) — 2p(P o h)(u, o),

where the functions

9(p,0) = %

h(p,0) = _7”
satisfy g(u, o) = _h(g"’)z and

) = L,

g—Z(u,U) = —é,

% 0y = 1,

g—g(m ) = %

Moreover, g—f(h) #exp (—h—;> Hence,



and

1+ 02 explotin0)) 520n0) — 2 (1@ 0 W) + ua(q;; Yia).
1t oy 2 explglp, ) 52 n,7) — 20(h(1,0)) = 205 (. a))aZ (1, 0)
10 ;exp(g(,u,a))%—%@(h( +2,u\/1_exp( e )%
=2 exply(p,0)) — 28((s,0)) + 2 jQ_ﬂexp Lt )

21 2% 1

= 02 explati. ) + oy 2 expln.o)) 22 >—2ug‘f<h< 7)o 1,0

expla(1.0)) + o2 explo ) fjg(u, ) - 2 - %) o)

exp(g(p, o)) +0\/g exp(g(u \/7€Xp (g(p 80_ (1, 0)

exp(g(p, o)) (1 + 0%(% o) — u%(m 0’))
exp(g(p, o)) (1 + aZ—z - u%)

— exp(g(p, o))
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2 Selection Index Theory

It is assumed throughout the paper that the population is diploid and random
mating with two sexes.

2.1 The General Case

Definition 2. A total merit function is a function TM : R® — R, where K
is the number of traits. The total merit of individual ¢ with phenotype vector
y; € RE is thus denoted as TM(y;).

Definition 3. Let = denote the parameter space of the phenotypic distribution,
and let f(y|€) denote its density. Suppose that the function £ — f(y|¢) is differ-
entiable for all y € RE. The profit ¢(£) of a population with parameter £ € = is
given by the function

b:Z R GE) = E(TM(Y)) = / TM(y)f(l€) dy,

where the random K-vector Y contains the phenotype of an individual that is
randomly chosen from the population.

Definition 4. For a population with two sexes and N selection candidates, the

set
C:{CGRJZV(): Z c¢; = 0.5, and Z ci:O.5}

:7 male 1:1 female

is called the set of genetic contribution vectors.

Lemma 2. In order to simplify notations, we denote with s; € {m, f} the sex of
individual ¢ and with §; the opposite sex. Each contribution vector ¢ € C has a
representation

cC = Cmtec = G +Cs,

where the vector ¢, with male contributions equals zero for females, and the
vector ¢f with female contributions equals zero for males.

Proof: This is clear. ]



Definition 5. A population is called an idealized population with state space
O, if the following conditions are satisfied:

e The function 6, : C — © that provides the expected state of the population
in generation 1 as a function of the vector ¢ € C with genetic contributions
is differentiable.

e There exists a differentiable function I' : © — © that provides the state
0,1 = I'(0,) of the population in each next generation.

e There exists a differentiable function £ : © — = that extracts the parameter
of the phenotypic distribution from the population’s state.

Note that the mapping I' would be approximate for finite, real existing popu-
lations.

Definition 6. The mapping I' = [ from Definition [5 and the state 6,, = 67
of the population in generation n are determined by the breeding policy 7 of
the population. The set of breeding policies is denoted as Il. Each breeding
policy m = (Tj, trg)sco provides for a given state 6 of the population a point of
truncation try, and a function

Ty - U — R,u; — Top(u,),

which is called the aggregate genotype function. Thereby, U denotes the set
of information sources. A vector u; € U contains the unknown true genetic
information on individual ¢ that could affect selection decisions, and u; is an
estimate of w;.

The aggregate genotype function Ty is used for calculating the selection index
I; of each individual . An individual is used for breeding if I; > try.



Definition 7. The expected profit of a breed after n > 1 generations of selection
by following breeding policy 7 is defined as

on(m) = E(TM(Y,)|6o,u, ),
where

Y, is the random K-vector with phenotypic values of an individual that is
chosen from generation n,

0y is the current state of the population,

u is the N x L matrix with the unknown true genetic values of the N selection
candidates,

=

is the N x L matrix with estimated genetic values of the N selection can-
didates.

Definition 8. Let ¢ = (¢,)n>1 be a sequence with ¢, > 0 and > 7 ¢, = 1.
Then, ¢, is called the importance placed on the profit of the breed in generation
n, and the expected future profit of the population is defined as

f@) = D Gan(m).



Lemma 3. For an idealized population, the expected future profit of the pop-
ulation equals

fm) = falen),

where ¢, € C is the vector with genetic contributions of the selection candidates,
and

frle) = D d(E(05(c)).

Thereby,
0r :C — O, 07(c) =T""6,(c))

provides the state of the population in generation n > 1 as a function of the
genetic contributions ¢; of the selection candidates. Note that 6, depends, in fact,
also on the matrix v € U with true genetic values of the selection candidates,
and on the current state 6, of the population, while ¢, depends on the matrix
@ € UN with estimated genetic values. The parameters u and 1, the vector 6y,
and the superscript 7 are often omitted in the following to keep the formulas
readable.

Proof:

fx) P2 N ()
n=1
n=1
= ) GBeopienn (TM(Y,))

n=1

= ) GoE(0r(cr))
O

Definition 9. The vector ¢ € C with default contributions is a vector for which
0, = 6,(¢) is approximately the expected state of the population in the next
generation.



Definition 10. For an idealized population, the aggregate genotype of individual
1 is defined as

1‘77: _ hm fﬂ' (C+)\€Z‘)—fﬂ—(0)7
A—0 A

where ¢ € C is the vector with default contributions, é; = e; — 2¢;,, and e; denotes
the standard unit vector.

Note that the aggregate genotype T; measures the increase of the breed’s future
profit that results from using individual ¢ for breeding.

Lemma 4. For an idealized population, the aggregate genotype satisfies

Ofx

T’i =
8@-

(6) — Vs

with v, = 26;Vﬁr|5, where Vfﬂ|5 is the gradient of ﬁr at C.

Proof:

Function f,r is differentiable, so the limit does not change, when f,r is replaced
by the first order Taylor approximation

Thus,

Ti — lim fﬂ(c+)‘€i)_fﬂ<c)
A—0 A
- NTOF | F (s
o F@+ 06 Ve~ (@)
A—0 A
PR
= lim —4————
A—0 A
= éZTVfNAg
= e;erW|5—25;:Vfﬂ|5
 Ofx .
= o (€) — v,




Theorem 1. For an idealized population, the aggregate genotype satisfies

where

06,
ac, )

u; =
is called the vector with true genetic values of individual ¢, and
o0 5 aén
n n 9
Zc % 5o, 61

is called the vector with economic weights. Thereby, the derivative of a vector
by a vector is the Jacobi matrix with partial derivatives, &,(61) = £(I'271(61)),

f fn(91) and 91 = 01(¢).

Proof:

Leglm a

1;
8Ci

fw(é) — Vs,

where

0 = . LemE 0 7r
A= Fl0 aczzf" Gl

- X6 8i<b(€£(5))

o 8571 a91 ~
- Zg”agn ") 56, ¢ 1)0ci ©)

= U(@l) ;.

10



Theorem 2. Let v(f;) be the vector with economic weights, let u; be the L-
vector with true genetic values of animal 7 and let u; be an estimate thereof.
Suppose that either animal 7 is chosen at random from a specific class of animals,
or that u; and u; are random for other reasons. Let

H = Eﬁzﬁl = COV(ZALZ‘), and Gz = Eﬁluz = COV(IALZ', Ul>

Then, the function

r(b;) = corr(b?ﬂi, U(61>Tui)
has its maximum at

bi = BﬁlGiv<é1).

Proof:

The proof is analogous to the corresponding proof in traditional index selection.
Let
]DZ' = E{Lzﬁl = COV(??LZ), and Gz = Zﬁluz = COV(ai, uz)

The function

~ b i v(0) T w
r(b;) = corr(b] 4;,v(0))  w;) = Cov(b; 1, v(01) "u;)

Var(b; 4;)1/ Var(v(6;) Tu;)
has its maximum at the same position as function

COV(b;r?li, v(él)Tui)

(b)) = —
Var(b; u;)

We have
b/ Cov(ii, ui)v(6) b/ Gw(6)  ¢(b)

bl Cov(i)b /b Bb,  w(bi)

with (b;) = biTGiv(él), and ¢(b;) = /b, P,b;. Moreover,
VW’%‘) = Giv(él)
V(b)) = %(b;rpibi)_;zf)ibi
- L _pb

Vb7 Pb;

Thus,
oy p) V(i) — (b)) V(b
V(b)) = o) ;

11



which equals zero if

bl Pb; Giv(61) = o(bi) Vi

Consequently,

Thus,

T Pb. -
bi = bi—PZbZP)iilGﬂwel).
b;rGﬂ)(el)

The equation holds for

b, = +£P7'Gw(6,),
whereby the maximum is obtained for

b, = P'Gw(b,),

but also for Ab; with A > 0.

2.2 Combination of Breeding Objectives

Definition 11. We call a total merit function “general”, if the function combines
several partial merit functions into a single one. That is, a total merit function
is general if there is a set O of breeding objectives, and a partial merit function
PM, : RE — R for each breeding objective o, such that

TM(y) = ) w,PMo(y)
o0

for all y € RX.

12



Lemma 5. For a general total merit function, the profit function is

D weto(€)

o€

where

Po(§) = Ee(PM,(Y))

is called the breed’s profit with respect to breeding objective o, and Y is the K-
vector with phenotypic values of an individual that is randomly from a population
with parameter &.

Proof:

O

Theorem 3. For an idealized population and a general total merit function,
the vector with economic weights satisfies

Z WoVo (él

o€

where

> 90z y % g
chagn n) 891( 1)

is called the vector with economic weights for breeding objective o. Thereby, the
derivative of a vector by a vector is the Jacobi matrix with partial derivatives,

£.(01) = ET771(01)), & = &u(61), and 6, = 6,(@).

13



Proof:

99 = LemB O ~
8_571(&1) - 8_5” Z wogbo(gn)

0O
_ 0o &
= OGZO Yo, (&)
Thus,
T Theolll — a¢ e agn
_ ¥ 090,z \ Oz
- ;Cn Oezowoafn (fn) 8_91(91)
_ — . 09, 9n
= Oezowoggn a_gn(gn) 6_91( 1)
= Z W,y Uo(él)—r
0O

2.3 Distance-Based Merit Functions

Definition 12. We call a general total merit function “distance-based” and
“piecewise linear”, if all partial merit functions have the representation

K
PMO(y2> = Tmax — Z Wok |yzk - Optok| )
k=1

where w,, is the weight of trait k£, Opt,, is the optimum of trait & for breeding
objective o, and Ty,., 1S an arbitrary constant.

Definition 13. The parameter space = for a piecewise linear total merit function
and normally distributed traits consists of all tuples € = (u, op) with u € RE and
op € Rfo.

The parameter space could alternatively be defined as consisting of of all tuples
¢ = (u,2p), where Yp is the phenotypic covariance matrix. The next lemma

14



shows that this is not needed because the profit of the population does not depend
on the phenotypic correlations.

Lemma 6. Suppose that the total merit function is distance-based and piece-
wise linear, and that all traits are normally distributed. Then, the profit of the
population for breeding objective o is

K
¢o(€) = Tmax — Zwok w(,uk - Optok7 OPk)-

k=1

Proof:
0o(6) "ET Ee(PM,(Y))
K
I T = D wokBe(| Vi = Optyy)
k=1

K
- Tmax — Z Wok w(,uk - Optoka UPk)

The last equality holds because |Y; — Opt,,| has a folded normal distribution.

O

Lemma 7. Suppose that the total merit function is distance-based and piece-
wise linear, and that all traits are normally distributed. Then, the profit of the
population for breeding objective o has partial derivatives

I,
afjk (é) = Wok an(§)7
¢,

with £ = (p, 0p), and
Xﬁl(f) — 29 (M) —1,
Xp( (1 — Opt,y)? ) .

20’P i

ﬁ

Xa() =

15



Proof:

First equation: We have

K
(bo(f) Leg Tmax — Z wokw(ﬂk - Optok7 UPk)a
k=1
SO
P, B oY
Dt & = —— (ttx — Optyy, op)

8
Leglm — Wk (1 DY) < Optok))
0Pk
— oy (1 20 (Optok “))
OPk

— w (2c1> (—Optok a ’“) . 1)
OPk

=  Wok an (5)
Second equation:
09,
= o — Opt ’
Bon 3] ok G (1tx — Opt,y, oPE)
. 2
Ler__nm _ka\/EeXp (_ (:uk OzptOk) )
T 205,
- Wok Xli (f)

16



Theorem 4. Suppose that the total merit function is distance-based and piece-
wise linear, and that all traits are normally distributed. Then, the vector with
economic weights is

K ~
Z Wokvk(el)
k=1

with
we(f) = o () +vi(6y)
and
m/ng\T __ alu’nk
wpl)T = anxmgn =(01),
_ Oop,,
(@) = Zgnxv (&) 0”( 61)
Proof:

17



S

—2(04)

85n &) 891
i;cn % ) Dol S
>0 (Gt gaeten) - (£15)) G0
ch (Z S ) ~n>+k§; . <én>0§§:’“<én>> S
363 Z 200 (6 6, SR 0
i< iﬁ <5n>8§g“’“ 0.)- G20
i G, iw G Tk 7, S0
nzlcn Zwok G 0 - S0
Zwok ;Cn X (€n) a;eik (61)
Zwok ZCn Xe(6n) aapnk (61)
Zwokvin(élf + ZwokUZ(él)T
Zwok (@) +01(0))

U]
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3 Quantitative Genetic Theory

Definition 14. The following notations are used

TBV,;: True breeding value of individual ¢ for trait k

MT;x: Mendelian sampling term for trait k£ for a haplotype that is trans-
mitted by individual ¢ to its offspring.

MV;.: Mendelian sampling variance. It is the variance of the Mendelian
sampling term of trait k& that is submitted by individual ¢ to its
offspring.

Xiq: Allele content of individual ¢ for QTL ¢. That is, X;, € {0,1,2} is
the number of alternative alleles, individual 7 has at QTL gq.

H,,: Indicator for heterozygosity. That is, H;, € {0,1} equals one, if
individual ¢ is heterozygous at QTL gq.

F;: Inbreeding coefficient of individual 2.

f.: Average kinship of individual ¢ with potential mating partners.

Note that f; could in practice be well approximated by the average kinship of
individual ¢+ with the population.

3.1 Combining Ability

Definition 15. The true combining ability between individuals 2 and j is defined
as

T;; = E(TM(Yora,)))

where the random K-vector Yog(; ;) denotes the vector with trait measurements
of a randomly chosen offspring of individuals ¢ and j.

19



Theorem 5. Suppose that the total merit function is distance-based and piece-
wise linear, and that all traits are normally distributed. Then, the true combining
ability between individuals 7 and j is

)
Tz‘j = ZwoPszo;
o=1

where the partial combining ability of individuals ¢ and 7 with respect to breeding
objective o equals

K
PTijo = Tmax — Zwok P (ijk — OPtor, Tijr)-
k=1

For an additive genetic model,

TBV + TBV,,
2 )

Pijk = Hi =+
is the mean, and
oo = MV + MV, + 03y

is the variance of the trait value of a randomly chosen offspring, %, is the envi-
ronmental variance of trait k, uy is the mean of trait k in the base population, and
MV, is the variance of the Mendelian sampling term for trait k£ that is submitted
by animal i to its offspring.

Proof:

Let Yog(, ;) denote the random vector with trait measurements of a randomly
chosen offspring of individuals ¢ and j. Then,

T, = E(TM(Yogy))

Deilﬁ] E <Z wOPMO(YOﬁ(i,j))>

0eO

= Z wo L2 (PM, (Yos(i,j)))
ocO

= Z woPTijoa

ocO

where

20



PTyo = E(PMo(Yosy)))

K
Def[12]
= K (Tmax - Zwok Yok — OP%H)

k=1

K
= Tuax — 3 wor B(|[Yor(i ik — OPtoy))
h=1
K

= Twmax — > wok ¥(Hije — OPtop, 0ijk)

k=1

where p;;, — Opt,, is the mean and afjk is the variance of the normally dis-
tributed random variable Ajjor = Yog(ijjx — Opt,,. The mean and variance can
be calculated as follows. The vector Yog(; ;) has the representation

TBVi, + TBV
2

Yo = e+ + MTi, + MTy, + E,

where E} is the environmental effect on the phenotype of the offspring. Conse-
quently, the random variable A;;,; has mean

TBVi, + TBV,;
2

pije — Optoye = g + — Optp,

and variance

ook = MV + MV, + 0.

21



3.2 Simplistic Genetic Model

Lemma 8. Suppose that the total merit function is distance-based and piecewise
linear, the traits are normally distributed, and

1) Phenotypic and genetic variances and covariances are constants,

2) The trait optima are several phenotypic standard deviations away from the
trait means,

3) The same selection index will be used in all future generations until (,
approaches 0.

Then, the partial aggregate genotype for breeding objective o is

K
PTo = vo(fh)Tus = Y vk TBVi,

k=1

where v, = *w,p.

Proof:

Assumption 1) implies that 2 P"’“ (¢) = 0. Consequently, all information on
the selection candidates that can affect their aggregate genotypes is given by and
Qac@ (¢). As the same selection index will be used in all relevant future generations,
we have

pn = 1+ (n—1)Ap
= 1o+ TBV e+ (n—1)Au

where the change Ay of the population mean from one generation to the next is
a constant. Consequently,

Ot -
gcf (é) = TBVy

Hence, u; = TBV; is the K-vector with true breeding values of the individual.
The corresponding population parameter 6,, with 891 =TBV,is 0, . That is,
the state of a population is completely described by the vector Wlth tralt means.
As the trait optima are several phenotypic standard deviations away from the

22



trait means, we have approximately x* (£,) = £1 and x*(£,) = 0. Moreover,

a,U/nk: A - a,U/nk: ~
801 (61) - 8/1/1 (:ul)

Opi11 T Ok

. 0 . 0 ~
(x) 1k (Ml . Hik (Ml))

B Opn N Ok
N
€

where () holds because pu,, and p; differ only by a constant. Consequently,

€eo 8 n
op(ey” Tl ch &) g )

= ZCH (j:1> €k
= () el Y G

_ T
= e

and

Y €eo aan
op(B)T =8 chxv @)

. 8O-Pnk
- Z Cn 8 01 1 )

= oT.

The vector with economic weights is thus

~1 Theold] Zwok <Uk +Uk(9 ))

K

= Zwok (:i: 6].;‘{'0)

k=1

K
= E j:wokek
k=1
K
- E VokCr
k=1

It follows that

23



Theol3]

PToi = o é
K
= (Z vokek> TBV,;
K
= ) vo (¢, TBV;)
.
= > vaTBVy,
k=1

3.3 General Additive Model

Lemma 9. Let I and J be the parents of a randomly chosen individual from
Generation 1. The variance of the breeding values of trait k£ in Generation 1
equals

2 9 2
Oatk = Opatk T OMT1k

where

9 TBV ., + TBV
Opary = var 5 )

is the variance of the parent average, and
oyrie = Var(MTy) + Var (MT )

is the variance of the Mendelian sampling terms that are submitted by the parents
to the offspring. In a random mating population,

1 1
bk = 7Var (TBVr) + o Var (TBV ).

Proof:

The breeding value of offspring O has a representation

TBV;, + TBV
TBVo, = Ik 5 T MT + MT .

24



The random variables w, MTy, and MT, are independent, so

041x = Var(TBVoy)
(TBVI,g + TBV j
= Var
2
(TBV[k + TBVJk
= Var

+MTp + MTJk)

5 ) + Var (MTy;) + Var (MT j;)

2 2
= Opa1k + OMTIK

The assumption of random mating ensures that Cov(TBV, TBV ;) =0, so

2 _
OpAlk —

(TBV;k + TBVJk>
Var 5

1 1
= ZV&I’ (TBV[k) + ZVar (TBVJk) .

O

Theorem 6. Suppose that the population is random mating, and that the envi-
ronmental variance is constant. Let y1; denote the mean, and o3, the phenotypic
variance of trait k in Generation 1. Let 05,,;, and o3, be as in Lemmal9]. Then,

O , .
= TBVy,
8Ci (C) k
a‘7P21k N 80%’A1k = ao-l%/Ilez ~
aCi (C) - aci (C) aCi ( )
with
G T 1 - 2 . 2
k) = 5 ((TBVy - 26] TBV)® — (2] TBV4)?)
Oo? -
—(‘;g”f (6) = 2MVy.
Proof:

25



pe(c) = ok + Z ¢;TBVig,

SO
Opg .
(¢) = TBVy.
aCZ‘
Moreover,
2 o 2 2
Op1y =  Oaix T Ok
Lemf o 2 2
= Opatk T OMTIK T ORk>
SO
2 2 2
Jop 1, _ aUPA1k+aUMT1k
6C¢ 8Ci 801-
with

em@ 1 1
o3y 20 g ver (TBVy) + 7 Var (TBV )
TNk 8 var (MTy) + Var (MT ) .

Let animal I be of the same sex as animal 7. Thus,

0 10

a_c,-”%A”“ = 3 aCiVar(TBVIk)
0 0

a_cial%/[le = aCi Var (MT]k) .

Let I, be the set of individuals that have the same sex as individuals 7 and 1.
Since

2
Var (TBVy,) = > 2¢,TBVY, — (Z 2chBij> :

J€Im J€Im

26



we have

0
8Cz‘

Var (TBV]k)

= 2TBV? —2 (Z 2chBij> 2TBV

J€Im

2 2
= 2 TBV% — 2TBVy (Z 2chBij) + <Z 2chBij> — <Z 2ch13ij>

J€Im J€Im J€Im
2 2
= 2 (TBVik - <Z 2chBij>> — (Z 2chBij>
J€Im J€Im

= 2((TBVi - 2] TBV)” ~ (2¢[TBV,)’)
and

Var(MT]k) = E(Var(MTIkH))—i—Var(E(MTIkH))
= E(Var (MT|I)) + Var (0)

= Z QCiVar (MTzk)

1€lm

/L‘GI]'!]

Thus,

0
aCiVaI‘(MT[k) = 2lek

O

Theorem 7. Let o3py, be the variance of the Mendelian sampling terms that
are received by a randomly chosen individual from generation 2. Suppose that
animal ¢ has the same genetic contribution to generation 2 as to generation 1,
and that the genetic contribution of an animal is independent from its Mendelian
sampling variance. Then,

8‘71%/1T2k
—===t = 2E(MV,1).
307; ( Zk)

27



Proof:

The equation is shown for the case that individual ¢ is a male. The genetic
contributions of the animals to Generation 1 are fixed parameters, so for the
ease of notation, the animals from Generation 1 can assumed to be ordered such
that the set O; of offspring of animal 7 is a fixed set. The mating partners are
assigned at random. Let Iy and Jy be the sire and dam of a randomly chosen
individual from Generation 2, and let G denote the genomes of the individuals
from Generation 2. We have

OYror = E (Var (MTL,.|G) + Var (MT 1, |G))

- E (Z 2e MV + > 2clelk>

lellm lellf

= F (2261lek> s

lel

where [ is the set of individuals, I, is the set of males, and Ii; is the set of
females from Generation 1. It is assumed that

E G = Ci+cmpia
l€0;

where cnp, = ¢; is the genetic contribution that is attributed to the mating
partners. Thus,

ONrar = QZE(CZMVH«)

lely

= 2 Z ZE(Clelk)

i€lom l€O;

= 2> > E(a)E(MVy)

i€lom leOi

= 2> > E(a)E(MV,,)

i€lom l€O;
= 2) E (Z cl) E(MV,.)
i€ Ilom lels

= > 2(ci + Cmp ) EMV,,p).
i€I1om
Consequently,
Oatiray

= 2E(MV,.).
aCi ( Zk)
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3.4 QTL-based Additive Model with Polygenic Term

Definition 16. The QTL-based additive model with a polygenic term assumes
that the breeding values of all individuals have the representation

Q
TBVlk - TBV;k F Z(qu - 2p0q)aqk7

q=1

where TBV/, is called the polygenic breeding value, ag is the true additive
effect of QTL ¢ on trait k, and pg, is the frequency of the alternative allele of
QTL ¢ in the current generation. Furthermore, the Mendelian sampling term
that is transmitted by individual 7 has the representation

— Q Xiq
MTzk = MTZk + Z Uiq - T aqk,
q=1

where it is assumed that the random allele content U;, € {0,1} of QTL ¢ for
the haplotype that was transmitted by individual ¢, and the part m,k of the
Mendelian sampling term that is due to unknown QTLs satisfy the following
conditions:

e The random variables U;, and l\//ﬁ“lk are independent,

e U,, is a Bernoulli variable with P(U;, = 1) = ng,

e MTj; is a random variable with mean 0 and variance 5563,

where 6%, is the polygenic variance of trait k in a non-inbred, unselected and
random-mating population.

Theorem 8. For the QTL-based additive model with a polygenic term, the
Mendelian sampling variance MV, of individual ¢ for trait k is

Hiqaz
4 ke

1-F_, <
q=1

Proof:
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The Mendelian sampling term of individual ¢ for trait £ has the representation
- Q
MTy, = MTy+ Y Zigag,
q=1

X
where Z;;, = U;y — =*. We have

X; X;
Var(Ziq) = Var(Uiq) = 2(1 <].— 2q)
_ Xiq(Q_Xiq) _ Hiq
4 4

The independence of the random variables Z;, and Mik implies that

Q
Var (MT;,) = Var (MTik> + Z\/ar (Zig) agk

g=1

1—-F; . H;
= 1 aik + Z 4qa3k.

0l

Theorem 9. For the QTL-based additive model with a polygenic term, the
expected Mendelian sampling variance of an offspring o; of individual i is

Q

1—f, . E(H,,
EMVox) = 4f STEDY %“?ﬂw

q=1
where the expected heterozygosity of an offspring of individual i at QTL ¢ is

Bt = 52(1-5(0) +2h00) (1-52).

Thereby, p?q(c) is the frequency of the alternative allele of QTL ¢ in the haplotypes
from the next generation that are received from parents of the opposite sex.

Proof:

Q
1—-F, . H,,

EMVoi) = E( 1 TR 4qa3k>
g=1
Q

1_E(F0i)~ E(Hoz)

= 1 T + E 1 “ag,

g=1
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The inbreeding coefficient of an individual is the kinship of their parents, so

E(F,) = E(fi)

= D2y
j€Op

= fi7

where J is a randomly chosen mating partner, and Op is the set of individuals
with the opposite sex as individual i. Furthermore, the probability that the
offspring is heterozygous at QTL ¢ is

E<Hoz-q) = P(Hoz-q = 1)
X; - 5, X;
= S(1-a0) + o (1-52).
where the first summand is the probability that individual ¢ submits allele 1, and

the mating partner submits allele 0, and the second summand is the probability
that individual ¢ submits allele 0, and the mating partner submits allele 1.

U
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Theorem 10. For a vector ¢ € C with genetic contributions of the selection
candidates let f;(c) be the average kinship of individual ¢ with potential mating
partners, let

Fi(e) = ZCJ@'(C)7

i

be the average inbreeding coefficient in the next generation, let
—P
Fy (C) = ZCiF’ia
i
be the average inbreeding coefficient in the parents of the next generation, let

X;
p1q(6) = Zci 2q

i

be the expected frequency of QTL ¢ in the next generation, and let
—P
qu(C) = Z CiHiq

be the average heterozygosity of QTL ¢ in the parents of the next generation.
Furthermore, let ¢ € C be the vector with default contributions of the individuals.

Then,

Ty = 270,
—p

L@ - w
Pug) - 2
—p

") = Hy

Proof:

Only the first equation needs a proof. We have

i) = > 2,

J€OD

where Opy is the set of individuals with the opposite sex as individual {. Thus,

32



Fi(e) = > a Y 2fy
l J€O0pP;
= ch ZCijlj + ZCZ Z ¢i2fi;
leM  jEF leF  jeM

leM jeF

JEM IEF

JjEM IeF

Z Z ac2fi; + Z Z aci2 fi;

ler jeM

Z Z ciafi + Z Z aci2 fij

leF jeM

Z Z 2Cj261fjl7

where M is the set of males, and F' is the set of females. As the inbreeding
coefficient of an individual equals the kinship of the parents, this equation shows
that F';(c) is indeed the average inbreeding coefficient in the next generation.

Furthermore, it follows that

Fi(c)

Z 2Cj Z Zlejl

JEM ler
Z 20]?] (C) )
jeEM

Consequently, if individual ¢ is a male, then fj(c) does not depend on ¢;, so

OF,
(961»

The proof for females is analogous.

(@)
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